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Abstract

This paper explores U.S. foster parent licensing, essential for placing foster chil-
dren. We develop a theoretical matching model to study the optimal menu of li-
censes designed to match foster parents to children, under the presence of search
frictions. Our findings highlight the following: (i) optimal allocation calls for
a segregation of the market, (ii) simple transfer schedules achieve the purpose,
(iii) complementarities do not ensure PositiveAssortativeMatching (PAM) in equi-
librium. These are shown to be robust with respect to adverse selection, with suit-
able adaptations, to continuous ability types, aswell as variations in search friction.
Our results also suggest that the structure of the current licensingmenu alignswith
the optimal structure, but may fall short in screening.
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1 Introduction

Foster care can be viewed as a two-sidedmatchingmarketwith heterogeneous children
and parents, where foster parents have preferences over children, and child welfare
agencies have preferences—on behalf of children—over foster parents.1 These agencies
facilitate the matching process through a menu of licenses offered to foster parents.
Each license specifies the types of children a parent may foster and the corresponding
transfers. In practice, children are grouped according to their level of care needs, and
transfers vary across groups.

For example, foster parents in Arizona can choose between two licenses: traditional
and therapeutic. In the former, foster parents can only foster children with standard
needs, whereas in the latter they can foster not only children with standard needs, but
also children with special needs. Transfers reflect this difference in care needs: foster
parents receive aroundUS$21 per day for a childwith standard needs and about US$37
for a child with special needs. Similar nested licensing schemes appear in other foster
care systems (e.g., Texas, Virginia), in child care (e.g., Vermont’s Specialized Child
Care endorsement), and in elder care (e.g., Arizona’s tiered assisted living licenses),
underscoring the broader applicability of our framework.

The menu of licenses shapes both the pool of potential matches and the financial
incentives, as it determines which children each parent is eligible to care for. A poorly
designed licensing menu risks creating mismatches that leave individuals in need vul-
nerable and unnecessarily inflate program costs. This paper develops a theoretical
matching model to study the optimal menu of licenses designed for the U.S. foster
care system.2 We construct a two-sided matching model with heterogeneous agents
(children differ in the level of care needed and parents differ in their ability to provide
care), and a designer who coordinates match formation through a menu of contracts.
The main innovation of our paper lies in introducing an endogenous search friction that
varieswithmarket size, an element not entirelywithin the designer’s control. The anal-
ysis focuses on licenses that specify an allocation of parents across child submarkets
and the corresponding transfers, as well as the sorting patterns that arise in equilib-
rium.

Our results suggest that the menu of licenses used in practice exhibits some of the
properties of the optimal solution. First, we find that it is never optimal to randomly
match all types of parents to all types of children, that is, the optimal allocation calls for
segregation of the market. Second, we show that a simple transfer schedule achieves
the purpose, that is, parents holding different licenses and providing care for the same

1See Appendix A for a detailed description of foster care in the U.S.
2Although motivated by foster care, the framework applies more broadly to other regulated match-

ing environments — such as childcare, eldercare, and specialized health services — where licensing
determines who meets whom and under what terms.
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type of child can receive the same monetary transfer. Lastly, we find that complemen-
tarity between children’s and parents’ attributes is not sufficient to ensure that positive
assortative matching (PAM)will arise in equilibrium. Thus, we provide sufficient con-
ditions for the equilibrium sorting to exhibit PAM: either a stronger complementarity
determined by the distribution of children’ attributes, or a lower bound on the share of
children with special needs.3

The model is as follows. There are two sides of the market populated by a contin-
uum of agents: children and parents. Children are heterogeneous in the level of care
needed—low-needs (x1) or high-needs (x2)—and parents are heterogeneous in their
ability to provide care—low-ability (y1) or high-ability (y2). We start our analysis with
this binary type space for parents, which we later extend to a continuum of types. We
analyze the market under complete information; our results carry over, with suitable
adaptations, when a parent’s attribute is private information.We assume that children
receive greater payoffs when matched than unmatched, and parents incur a cost when
a match forms. The designer maximizes expected utility from children minus trans-
fers to parents. We assume that the surplus of each match is nonnegative, thus prof-
itable.4 As in practice, we construct submarkets for each child’s attribute, that is, there
is a submarket populated by low-needs children and another submarket populated by
high-needs children.

First, the designer announces and commits to a menu of licenses. A license speci-
fies: (1) a randomization rule that determines the probability with which a parent is
allocated into each submarket, and (2) a corresponding transfer when a match forms.
After observing the menu, each parent chooses a license. Next, the randomization
device is realized and parents are allocated across submarkets determining endoge-
nously the parents-to-children ratio (market tightness) for each submarket.5 Lastly,
within each submarket, meetings take place, matches are formed, and transfers occur.
We introduce a search friction by assuming that meetings are not certain, that is, the
probability of a child (parent) meeting a parent (child) is represented by a meeting
technology which is a function of the market tightness. Thus, when parents choose a
license that guarantees allocation to a specific submarket with probability one, they are
certain about the type of child they will be matched with but remain uncertain about
whether the match will occur. However, if a parent holds a license that allocates them
to either submarket with a strictly positive probability, they face uncertainty not only
about the type of child they will be matched with but also whether a match will take

3Ideally, we would empirically test our theoretical predictions on optimal sorting patterns, but this
is not feasible due to limited data on parents’ attributes.

4In our framework, surplus of a match is a cost-net benefit function whose arguments are parent’s
ability and child’s level of care needed.

5We use the language of allocation across submarkets, but it can also be interpreted as the weight
the designer assigns to a specific parent holding a particular license to provide care for one type of child
or another.
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place.
Our search friction assumption is motivated by the fact that child welfare agencies

do not act as matchmakers but instead define feasible matches through a menu of li-
censes and guidelines. In practice, socialworkers are responsible for contacting parents
about a specific child in a decentralized manner. Thus, the randomization mechanism
can be interpreted as a guideline: for example, if a parent is deemed ’better’ suited to
care for low-needs children than high-needs children, the system would aim to allo-
cate that parent to the first submarket with a higher probability. Furthermore, market
tightness captures the level of congestion in the market, while the meeting technology
accounts for the frictions arising from the decentralized nature of the matching pro-
cess which strongly depends on the congestion. Therefore, our model incorporates
endogenous market tightness via a meeting technology, creating trade-offs between
match quality and matching probability.

It is important to emphasize that the search friction is a crucial element of ourmodel,
as it introduces non-trivial effects on the analysis.6 Specifically, when a mass of type-y
parents is reallocated from one submarket to another, three key effects occur: (i) Sur-
plus effect: This represents the change in total expected surplus of the market. (ii) Con-
gestion effect: The change in market tightness in the submarket where parents are re-
allocated, leading to a thicker market. (iii) Decongestion effect: The change in market
tightness in the submarket from which parents are reallocated, resulting in a thinner
market. These effects not only add complexity to the analysis but also enrich the pre-
dictions of our model.

We begin by examining the case with complete information and derive results for
both super- and sub-modular surplus functions. In this section, we focus on the case
of super-modularity, while the discussion of sub-modularity is deferred to the main
body of the paper.

First, we find that it is optimal to use at least one type of parents exclusively in one
submarket, that is, to segregate parents as much as possible.7 The way the segregation
result is established is as follows: We perturb candidate allocations of the two ability
types along “iso-tightness” lines. Such perturbations change the ability composition in
each submarket without changing the overall matching probabilities. Since the objec-
tive function of the planner–the expected surplus–is linear in these perturbations, the
planner shouldmove along an iso-tightness line to an edge of the space of feasible allo-

6Our paper is closely related to thework of Damiano and Li (2007), which explores how amonopoly
matchmaker sorts agents into exclusive meeting places for random pairwise matching. A key assump-
tion in their framework is that all agents have a constant match probability of one, abstracting from size
effects that could influencematching probabilities based onmarket scale. In contrast, our paper incorpo-
rates market size effects through the search friction assumption, illustrating how market size influences
matching probabilities.

7Formally, if the optimal randomization rule is interior for type-y parents, then it is a corner solution
for type-y′ parents, where y and y′ are distinct.
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cations. This result speaks to the optimality of the nested hierarchy property exhibited
in the licenses used in practice. That is, the traditional license allocates parents ex-
clusively into the submarket of children with standard needs, whereas the therapeutic
license can potentially allocate parents into both submarkets of children with standard
and special needs; in the case of Arizona.

Second, we show that simple transfers are always part of an optimal menu; in par-
ticular, the transfer need not varywith licenses—a uniform per child price suffices. More
specifically, parents with different licenses caring for the same type of child can receive
the same transfer at the optimum. This arises under the nested structure of the equilib-
rium allocation, which segments the market: the corner license has its transfer pinned
down by its participation constraint, while the license that spans both submarkets has a
single binding constraint that leaves one degree of freedom. This flexibility allows the
transfer in the shared submarket to be aligned across licenses. This observation helps
rationalize the pricing rule used byArizona’s social welfare agency—US$21 per day for
children with standard needs and US$37 for children with special needs, regardless of
the license held. However, the magnitude of transfers must still depend on the child’s
attributes and on market primitives such as the distribution of agents.

Third, we show that supermodularity of the surplus is neither necessary nor suffi-
cient on its own for the optimal sorting to exhibit PAM. However, when the surplus is
supermodular and sufficiently strong relative to the frictions in the market, this combi-
nation is sufficient to generate PAM. In our framework, the randomization device deter-
mines who can match with whom, and we use it to define sorting patterns: sorting ex-
hibits PAM (NAM) if y2-parents are allocated to submarket x2 with a greater (smaller)
probability than y1-parents.8 For a frictionless environment with a supermodular sur-
plus function, it is well known that positive assortative matching maximizes total wel-
fare (Becker, 1973). When search frictions are introduced, however, the expected sur-
plus—computed using the meeting technologies in each submarket—need not be su-
permodular even if the underlying surplus function is. Finally, we show that PAM
can be ensured at the optimum by imposing a lower bound on the fraction of type-x2

children together with supermodularity. Intuitively, type-y2 parents are more valuable
in any submarket, so the designer prefers to allocate them to the more profitable and
thicker submarket x2.

In this context, one might imagine that the child welfare agency could screen foster
parents using observable characteristics such as race, marital status, education, em-
ployment status, or income. Under such a scenario, our complete-information anal-

8One can equivalently define sorting through a matching correspondence, as is standard in the lit-
erature, and say that sorting exhibits PAM if the matching correspondence is a lattice as in Shimer and
Smith (2000). Since the randomization device carries more information than the correspondence, our
notion is more general: any feasible unequal allocation of parents in our setting exhibits either PAM or
NAM, but not both, unlike Shimer and Smith (2000).
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ysis would suffice. However, the literature shows that these observable traits do not
predict the likelihood of fostering higher-needs children, whereas the type of license
foster parents hold does.9 Thismotivates our first extension, which relaxes the assump-
tion of full observability of parental attributes, and demonstrates that our main results
still hold. Next, while retaining the high- and low-need classification of children, we
generalize the parental attribute space to a continuum to better capture heterogeneity.
Finally, we perform comparative statics on the meeting technology, assessing robust-
ness to variations in the decentralized search process across U.S. states. Taken together,
these extensions confirm that segregation, the optimality of simple transfer schedules,
and the insufficiency of complementarities for PAM all carry over.

Literature review. The market-design literature in foster care is relatively narrow. Ex-
isting work has largely focused on improving information flows, search processes, or
platform design rather than on how institutional features—such as licensing menus
—structure feasible matches. A first strand studies information and matching plat-
forms. Slaugh et al. (2016) analyze the Pennsylvania Adoption Exchange and show
that centralized information andmatch-recommendation tools can improve thematch-
ing process and facilitate adoption placements. Robinson-Cortés (2021) documents
how cross-regional placements and thicker matching environments affect placement
stability, highlighting the role of geographic integration in child-welfare outcomes.
Dierks et al. (2024) develop a dynamic search-and-matching model that emphasizes
the importance of caseworker-directed search, andMacDonald (2024) provides empir-
ical and theoretical evidence on transition patterns between foster and adoption place-
ments. A second strand focuses on mechanism design and allocation rules. Dierks
et al. (2024) propose incentive-compatible platforms tailored to children with disabil-
ities, Baron et al. (2024) show that redesigned case-assignment mechanisms can im-
prove child-welfare outcomes without harming investigators, and Highsmith (2024)
develops dynamic placement mechanisms that outperform traditional sequential pro-
cedures.

Our paper contributes by analyzing a foundational but understudied institutional
feature: the menu of licenses. Licenses determine eligibility, sort parents into distinct
submarkets, and shapemarket tightness—yet the existing literature typically treats the
set of feasible matches as exogenous. We show instead that licensing menus endoge-
nously generate submarkets, influence parents’ entry and search decisions, and inter-
act with search frictions to determine equilibrium sorting patterns. We further estab-
lish that the allocationmaximizing childwelfare—requiring segregation across license
types— can be implemented through simple, incentive-compatible transfer schedules.

9Cox et al. (2011) finds no significant association between foster mothers’ observable characteristics
and the likelihood of fostering children with emotional and behavioral problems.
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In doing so, our analysis connects to the broader literature on submarket formation
and endogenous market segmentation in directed-search environments (Peters, 1997;
Montgomery, 1991; Chade and Smith, 2006; Chade et al., 2017), and to the literature
onmatchingwith contracts and transfers (Kelso and Crawford, 1982; Hatfield andMil-
grom, 2005).

Our framework also departs from the classical directed–search literature, in which
submarkets arise endogenously from agents’ posting decisions or strategic signaling
(Montgomery, 1991; Peters, 1997; Moen, 1997). In these models, the planner cannot
directly shape market segmentation; submarkets are an equilibrium outcome rather
than a design choice. In foster care, by contrast, the designer explicitly creates the sub-
market structure through the licensingmenu, which determines eligibility and the dis-
tribution of placement probabilities across child–need types. Because submarkets are
designer-created rather than agent-created, licensing menus become a policy instru-
ment that shapes incentives, market tightness, and the sorting patterns that emerge in
equilibrium.

This institutional perspective also connects our analysis to the broader search-and-
matching literature that studies how frictions and complementarities interact with sub-
market formation. Menzio and Shi (2010a,b) formalize the role of directed search, sub-
markets, and market tightness; Shi (2001) shows that supermodularity alone is insuf-
ficient for Positive Assortative Matching (PAM) in directed-search environments; and
Eeckhout and Kircher (2010) characterize the complementarity thresholds required
for assortative matching. Similarly, Shimer and Smith (2000) and Smith (2006) show
that under two-sided random search, PAM requires strong conditions such as log-
supermodularity. Consistent with these insights, we demonstrate that in foster care,
search frictionsmake strong complementarities necessary—but not sufficient—for PAM
to arise, and that the designer’s ability to engineer submarkets through licensingmenus
fundamentally shapes the resulting matching patterns.

Empirical relevance. Although the analysis is theoretical, the model yields clear and
testable predictions that can be examined using administrative foster-care microdata
—particularly in states where detailed licensing and child-needs information exceed
what is publicly available in AFCARS.10 First, the model predicts that changes in li-
censing rules should alter sorting and segregation patterns across submarkets, measur-
able through segregation indices as in Card et al. (2013). Second, it predicts deviations
from PAM when complementarities are weak or search frictions are high, producing
observable mismatches between parental attributes and child needs. Third, the model
implies that payment differentials across license types should be larger in markets with

10AFCARS is a federally mandated data collection system. All fifty US states and the District of
Columbia are required to collect data on all children in foster care and all children adopted from foster
care

7



greater heterogeneity in child needs or parent characteristics, linking reimbursement
schedules to underlying type dispersion. Fourth, market tightness—the availability of
licensed foster homes relative to children needing placement—should adjust to licens-
ing reforms, generating shifts in the number of active homes across license types and
in time-to-placement. These empirical patterns can be studied using segregation tools
from Card et al. (2013) and assignment-based evaluation frameworks from the match-
ing and allocation literature (e.g., Abdulkadiroğlu et al. (2005, 2011, 2017)), as well
as insights from the broader literature on how licensing and regulatory regimes shape
market structure Autor et al. (2006, 2010).

Organization of the paper. The rest of the paper is organized as follows. Section 2
introduces the model. Section 3 presents the analysis under complete information. In
Section 4, we develop three extensions: (i)we relax the assumption of full observability
of parental attributes, (ii) we generalize the parental attribute space to a continuum to
capture richer heterogeneity, and (iii) we perform comparative statics on the meeting
technology to assess robustness to differences in decentralized search processes across
U.S. Lastly, Section 5 concludes. Appendix A presents an overview of foster care in
the U.S., and all omitted proofs are in Appendices B, C, and D. The online supplement
contains proofs and examples omitted from the main text.

2 Model

One side of the market is populated by a continuum of children who differ in an ob-
servable attribute x ∈ X = {x1, x2}, where x1 denotes a low-needs child (without a
disability), x2 denotes a high-needs child (with a disability), and x2 > x1. The fraction
of children with low needs is f(x1) ∈ [0, 1], whereas the fraction with high needs is
f(x2) = 1− f(x1). We refer to the set of children with attribute x as submarket x. The
other side of themarket is populated by a continuumof parentswho are heterogeneous
in their ability to provide care. In particular, y1 denotes parents with low-ability, y2 de-
notes parents with high-ability, and y2 > y1.11 The fraction of parents with low-ability
is g(y1) ∈ [0, 1], and that with high-ability is g(y2) = 1− g(y1).

Matches are formedbetween children andparents on a one-to-one basis.12 There is a
designerwho facilitates thematching process by offering amenu of licenses to parents.
A license L is represented by a pair (λ, τ), where λ : X → [0, 1] is a randomization
device that determines the probability with which a parent is allocated to submarket
x, and τ : X → R represents a transfer between the designer and the parent if a match

11Section 4 expands the type space of parents to a continuum.
12According to Gibbs andWildfire (2007), the average occupancy rate is 1.5 children per home, indi-

cating that assuming one-to-one matches aligns with the empirical evidence.
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with a child of type x is formed..13 Throughout the paper, we restrict attention to the
menu of licenses with the following features: (i) allocations are non-wasteful, that is,∑

x∈X λ(x) = 1, and (ii) parents have limited liability, that is, τ(x) ≥ 0 for all x ∈ X .
Figure 1 represents two examples of randomization devices under separate licenses.

Parents holding license L are allocated to submarket x1 with probability one, and to
submarket x2 with probability zero. Analogously, parents holding license L′ are in
submarkets x1 and x2 with probabilities 1/4 and 3/4, respectively.

Submarket
x1

Submarket
x2

License L

λ(x1) = 1 λ(x2) = 0

Submarket
x1

Submarket
x2

License L′

λ′(x1) =
1
4 λ′(x2) =

3
4

Figure 1: Examples of Randomization Devices

All agents are risk-neutral. The designer maximizes children’s welfare net of trans-
fers. Payoffs for unmatched agents are normalized to zero. When a child x and a
parent y form a match, the child receives payoffs according to a real-valued function
u(x, y), and the parent incurs a cost of providing care according to a real-valued func-
tion c(x, y).14

Assumption 1. (a) for all (x, y), u(x, y) ≥ 0, c(x, y) ≥ 0 and u(x, y) − c(x, y) ≥ 0,
(b) u(x, y) is increasing in y, and (c) c(x, y) is increasing in x and decreasing in y.

Assumption 1(a) reflects the following: children are better-off placed with a foster
parent than being unmatched, parents incur a cost when providing care for a child,
and allmatches are profitable. Assumption 1(b) states that childrenprefer high- to low-
ability parents. Finally, Assumption 1(c) implies that parents incur a smaller cost when
matched to low-needs children than to high-needs children, and high-ability parents
incur a smaller cost when providing care than low-ability parents. We present the
timeline in what follows:
1. First, the designer announces and commits to a menu of licenses:
{Lk}2k=1 ≡

{{(
λk(xi), τ

k(xi)
)}2

i=1

}2

k=1
.

2. In the complete-information benchmark, the designer assigns each parent a license
from the menu; in the private-information extension, each parent chooses a license
from the menu. Let σy ∈ {L1,L2} denote the license held by a type-y parent. Then, the

13Alternatively, λ(x) can be interpreted as the probability with which a parent is considered to pro-
vide care for a type-x child.

14The parents’ cost function can be interpreted as a net cost function, which captures the balance
between the benefits of providing care for a child and the associated costs.
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allocation of parents
{
{λk(xi)}2i=1

}2

k=1
across submarkets is realized.15

3. Next, children and parents in each submarket meet stochastically. The meeting tech-
nology can be described in terms of the parents-to-children ratio (market tightness). The
market tightness of each submarket x ∈ X , denoted by θx, is equal to:

θx =

∑2
k=1 λ

k(x)
∑2

j=1 hk(yj)

f(x)
.

where hk(y) denotes the endogenous mass of parents y ∈ {y1, y2} choosing license k.
A child x meets a parent according to a technology πc(θx) where πc : R+ → [0, 1] is a
strictly increasing and strictly concave function such that πc(0) = 0.16,17

4. Finally, when a child x and a parent y meet, a match (x, y) is formed and transfers
take place according to

{
{τ k(xi)}2i=1

}2

k=1
.

Designer’s Problem: The designer aims to maximize children’s welfare while mini-
mizing the transfers. We start by specifying the objective function of the designer. Let
L ≡

{{(
λk(xi), τ

k(xi)
)}2

i=1

}2

k=1
be an arbitrarymenu of licenses. A child x receives util-

ity u(x, yj)when she matches with a parent yj . Notice that parent yj might hold either
contract, thus the net utility when a child xmatches with parent yj under contract k is
u(x, yj)− τ k(x). Now, conditional on a meeting taking place, the probability that child
x has met a parent yj holding license k is equal to: λk(x)hk(yj)/

2∑
k=1

(
λk(x)

2∑
j=1

hk(yj)

)
. Thus,

the net expected utility in each submarket x, conditional on a meeting taking place, is:

W (x) =

2∑
k=1

[ 2∑
j=1

[
u(x, yj)− τk(x)

]
· λk(x) · hk(yj)

]
2∑

k=1

λk(x) ·
[ 2∑
j=1

hk(yj)
] .

Then, the designer’s problem is:
max{{(

λk(xi),τk(xi)
)}2

i=1

}2

k=1

{ 2∑
i=1

πc
(
θxi

)
W (xi) f(xi)

}
subject to: (1)

[FC] τk(x) ≥ 0 and λk(x) ≥ 0 for all (k, x), and
2∑

i=1

λk(xi) = 1 for all k = 1, 2.

[MT] θx =
1

f(x)
·

2∑
k=1

[
λk(x)

2∑
j=1

hk(yj)
]
, for all x.

[PC]
2∑

i=1

[
τk(xi)− c(xi, yk)

]
λk(xi)π

p(θxi) ≥ 0 , for all k = 1, 2.

15Under a license with interior randomization, a parent faces ex-ante uncertainty over the child’s
type, but any realized match involves only one child type ex post.

16Similarly, a parent meets a child x with probability πp(θx) where πp : R+ → [0, 1] is a strictly
decreasing and convex function such that πp(θx) = πc(θx)/θx and πp(0) = 1. This relationship ensures
that the probability of a child meeting a parent is consistent with the probability of a parent meeting a
child, by equating the expected number of parents’ meetings to children’s.

17The search friction assumption highlights the decentralizedmatching process in the U.S. foster care
system, where market congestion plays a key role. As market tightness increases, parents are less likely
to find children, while children are more likely to find parents. These frictions also account for the
possibility that congestion may prevent some matches from forming.
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where [FC] are the feasibility constraints specifying restrictions over each λk(x) and
τ k(x). The restriction [MT] corresponds to the market tightness (parents-to-children
ratio) in each submarket. The constraints [PC] are the participation constraints guar-
anteeing that each parent yj receives a weakly higher expected payoff from holding
license k = j than from remaining unmatched.

Sorting Patterns: Now, we define a matching correspondence and establish sorting
patterns using the randomization device specified via the menu:

{
λ1(xi), λ

2(xi)
}2

i=1
.

Definition 1. A matching correspondence is a map µ : Y → X such that x ∈ µ(yk) if
and only if λk(x) > 0 . Moreover, if λ2(x2) ≥ λ1(x2) then the sorting exhibits Positive
Assortative Matching (PAM). Analogously, if λ1(x2) ≥ λ2(x2) then the sorting exhibits
Negative Assortative Matching (NAM).

(a) Perfect PAM
y2

y1

x2

x1

µ(y2) = {x2}

µ(y1) = {x1}

(b) Low-type PAM
y2

y1

x2

x1

µ(y2) = {x2}

µ(y1) = {x1, x2}

(c) High-type PAM
y2

y1

x2

x1

µ(y2) = {x1, x2}

µ(y1) = {x1}

Figure 2: Examples of Positive Assortative Matching (PAM)
We are interested not only in establishing properties that ensure monotone sorting,

but also in characterizing the optimal menu of licenses offered by the designer. As a
result, our notion of monotone sorting is as follows: We say that sorting exhibits high-
type PAM (NAM) if type-y2 parents are allocated to both submarkets, while type-y1
parents are allocated only to submarket x1 (x2). Analogously, low- type PAM (NAM)
follows.

Figure 2 presents examples illustrating our concept of monotone sorting patterns.
In Panel 2b, for instance, y2-parents are allocated into submarket x2 with probability
one and y1-parents are allocated into both submarkets with strictly positive probability,
thus 1 = λ2(x2) ≥ λ1(x2) ∈ (0, 1). Note that the randomization device in Panel 2c can
represent the menu of licenses used in practice, as outlined in the introduction.18

3 Equilibrium Analysis: Complete Information

In this section, we examine the optimal menu of licenses and analyze sorting patterns
that arise in equilibrium under complete information. We focus on symmetric equilib-
ria in which parents of the same type are assigned the same license. First, note that by

18In this case, parents holding license 1 are restricted to fostering only low-needs children i.e., µ(y1) =
{x1}, while parents with license 2 are eligible to foster both types of children i.e., µ(y2) = {x1, x2},
reflecting the nested structure highlighted previously.
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incorporating the [PC] constraints into the objective function in Equation (1) reduces
the designer’s problem to:

max
{λk(x1),λk(x2)}2k=1

{
2∑

i=1

πp
(
θxi

) [ 2∑
k=1

(
u(xi, yk)− c(xi, yk)︸ ︷︷ ︸

S(x,y)

)
λk(xi) g(yk)

]}
(2)

subject to [FC] and [MT]. Let θ1 and θ2 denote θx1 and θx2 , respectively. In addition,
let S(x, y) ≡ u(x, y) − c(x, y) denote the surplus of a match (x, y) which is increasing
in y by Assumption 1.

Lemma 1 (Segregation). For at least one of the licenses, the optimal randomization rule
(allocation) yields a corner solution.

Please see Appendix B.1 for the proof. Lemma 1 states that it is never optimal to
allocate parents of both ability types across the two submarkets. Whether positive as-
sortative or negative assortative, the optimal matching is always on an “edge” of the
space of feasible allocations.

Now, to characterize the optimal randomization rule, we follow a nonstandard tech-
nique due to the presence of corner solutions. We start with an arbitrary interior allo-
cation and examine whether the designer can increase total expected welfare by sim-
ply reallocating parents across submarkets. Formally, for each (x, k), let λk(x) be an
arbitrary-feasible interior probability that generates a total welfare equal to:

W
(
λ1(x1), λ

2(x1)
)
= πp(θ1) ·

[
g(y1) λ

1(x1) S(x1, y1) +
(
1− g(y1)

)
λ2(x1) S(x1, y2)

]
+ πp(θ2) ·

[
g(y1)

(
1− λ1(x1)

)
S(x2, y1) +

(
1− g(y1)

) (
1− λ2(x1)

)
S(x2, y2)

]
After perturbing λ1(x1) by ε1 and λ2(x1) by ε2 where

ε2 ≡ − ε1g(y1)

1− g(y1)
,

so that ensuring that market tightness remains constant, the change in welfare is equal
to:

∆W = W
(
λ1(x1) + ε1, λ

2(x1) + ε2
)
−W

(
λ1(x1), λ

2(x1)
)

= ε1 g(y1)
(
πp(θ2)

[
S(x2, y2)− S(x2, y1)

]
− πp(θ1)

[
S(x1, y2)− S(x1, y1)

])︸ ︷︷ ︸
ZCI(θ1)

Since θ2 = 1−f(x1)θ1
1−f(x1)

,ZCI(·) can be viewed as a function of θ1. Notice, the designer can al-
ways increase total welfare by changing

(
λ1(x1), λ

2(x1)
)
such that the market tightness

remains constant. The optimal allocation of parents can be characterized by ZCI(θ1),
which represents the expected difference in gains between children x2 and x1 from be-
ing matched to a high-ability parent as opposed to a low-ability parent. Moreover, the

12



sign of ZCI(θ1) determines the equilibrium sorting. Let θ̄1 be such that ZCI(θ̄1) = 0,
then the following result holds:
Proposition 1. Let θ∗1 be the equilibrium market tightness. (i) If θ∗1 > θ̄1 then the equilibrium
sorting exhibits PAM. (ii) If θ∗1 < θ̄1 then the equilibrium sorting exhibits NAM. (iii) θ∗1 = θ̄1

is never optimal.
If the equilibrium market tightness θ∗1 is such that ZCI(θ∗1) is positive then PAM

arises in equilibrium. To see this, note thatZCI(θ1) is increasing in θ1, that is, the change
in welfare increases as θ1 increases. Thus, ZCI(θ1) > 0 for any θ1 > θ1. Therefore, when
ZCI(θ1) is positive, we can pick ε1 > 0, increasing the share of y1-parents allocated in
submarket x1 and, vice versa for y2-parents, effectively moving towards the edge of
the feasible allocations. Intuitively, a high θ∗1 translates into a small probability of a
parent meeting a child in submarket x1. Since y2-parents generate a greater surplus,
it would be optimal to minimize the probability with which they remain unmatched.
Thus, the designer allocates y2-parents in submarket x2, leading to PAM. Analogously,
NAM follows. See Appendix B.2 for the proof.

(a) (b)

Figure 3: Illustration of PAM and NAM given ZCI(θ1)

Figure 3 illustrates Lemma 1 and Proposition 1. In each box, the x- and y-axis cor-
respond to the probability with which parents holding license 1 and 2 are allocated
into submarket x1, respectively. Thus, every point inside the box

(
λ1(x1), λ

2(x1)
)
is a

feasible allocation of parents. Yet, note that by Lemma 1 only the points at the bor-
ders can be an equilibrium. In addition, each black-dashed line corresponds to the
values of

(
λ1(x1), λ

2(x1)
)
such that ZCI(θ1) = 0, each blue line shows the feasible

allocations that can be an equilibrium when ZCI(θ1) > 0 (above the black-dashed
line), and each red line shows the feasible allocations that can be an equilibrium when
ZCI(θ1) < 0 (below the black-dashed line). In Panel 3a, the equilibrium candidates are
along the vertical blue line and vertical red line. In the former, allocations are such that
λ2(x2) ≥ λ1(x2) = 0, which corresponds to high-type PAM. In the latter, allocations are
such that 1 = λ1(x2) ≥ λ2(x2), which corresponds to high-type NAM. Analogously, in
Panel 3b, the equilibrium candidates are along the red and the blue lines.
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Now, we are interested in establishing sufficient conditions for PAM and NAM to
arise in equilibrium. The optimal allocation segregates the market and implements
PAM only when surplus is supermodular, and strong enough relative to the search
friction. Corollary 1 follows directly from Proposition 1.19

Corollary 1 (Sufficient conditions for PAMandNAM). (i) If S(x2,y2)−S(x2,y1)
S(x1,y2)−S(x1,y1)

≥ 1
πp(1/f(x2))

holds, then the equilibrium sorting exhibits PAM. (ii) If S(x1,y2)−S(x1,y1)
S(x2,y2)−S(x2,y1)

≥ 1
πp(1/f(x1))

holds, then
the equilibrium sorting exhibits NAM.

For Corollary 1(i), notice that ZCI(θ1) reaches its minimum value at θ1 = 0, imply-
ing that πp(0) = 1 and θ2 =

1
f(x2)

. Thus, we ensure PAM by imposing that the minimum
value of ZCI(θ1) is positive. Observe that (i) requires a super-modular surplus func-
tion since the right-hand side is greater than 1. Moreover, the greater the left-hand
side of (i) is, the stronger the supermodularity is. Thus, strong supermodularity on
the surplus function dominates the adverse effect of the search friction, and becomes
sufficient to induce PAM at the optimum.20

Alternatively, one can think of the inequality (i) as a lower bound over the share
of children with high-needs to ensure PAM in equilibrium. Intuitively, by imposing a
lower bound on the share of type-x2 childrenwe ensure that themarket is thick enough
for the more desirable type-y2 parents, that is, the probability of meeting a child in
submarket x2 is bounded below. This is in linewith the literature in dynamic search and
matching, which imposes stronger complementarity conditions to ensure that more
desirable partners have incentives to wait for a more desirable partner from the other
side of the market.21 Similar arguments and intuition follows for (ii). The proof is
provided in Appendix B.3.

Next, we study the optimal transfer schemes. By fixing the optimal allocations
19Corollary 1 ensures that PAM or NAM will arise in equilibrium, but it does not specify whether

we will observe either low-type PAM (NAM), high-type PAM (NAM), or perfect PAM (NAM). Refer to
Appendix B.1 in the online supplement for a detailed characterization.

20By strong super-modularity on the surplus function we mean: [
S(x2, y2) − S(x2, y1)

]
· πp

(
1

f(x2)

)
≥

S(x1, y2) − S(x1, y1)which introduces a constraint that is sensitive to the underlying distribution and the
specific meeting technology. Similarly, the condition of strong sub-modularity on the surplus function
follows.

21Shimer and Smith (2000) and Smith (2006) analyze a dynamic two-sided matching setting with
heterogeneous agents, random search and complete information. The former paper assumes that utility
is fully transferable and establishes as a sufficient condition not only supermodularity on the value of a
match f(x, y) where x and y are the agent’s attributes, but also supermodulariy on log fx and log fxy .
The latter paper assumes that utility is strictly non-transferable and establishes as sufficient conditions
monotonicity and log-supermodularity in f(x, y). In both papers, these conditions ensure that, in the
search process, high-partners do not settle for a low-partner but instead wait for the arrival of a high-
partner. This is in the same spirit as our condition: we are also making sure that the payoffs received
from matching high-types together compensate for the adversary effect of search frictions.
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{λk∗(x1), λ
k∗(x2)}2k=1 from Equation 2, the designer solves the following:

min
{τk(x1),τk(x2)}2k=1

{
2∑

i=1

πp
(
θ∗i
) 2∑

k=1

τk(xi)λ
k∗(xi) g(yk)

}

subject to [FC], [MT], and [PC] from Equation 1. The following proposition states
that the transfer scheme is characterized by [PC]:

Proposition 2 (Simple Transfers). At any equilibrium {λk∗(x1), λ
k∗(x2)}2k=1, any feasible

transfer schedule for which the participation constraints hold with equality is an equilibrium.

Recall that the optimal allocation of at least one type of parent is a corner solu-
tion, in which case the transfer can be trivially pinned down. For example, suppose
that the equilibrium sorting exhibits perfect PAM, that is, y1-parents are allocated into
submarket x1 with probability one, while y2-parents are allocated into submarket x2

with probability one. Then, the optimal transfer scheme is τ 1∗(x1) = c(x1, y1) and
τ 2∗(x2) = c(x2, y2). That is, parents receive exactly the cost of providing care, as is
the current practice. See Appendix B.4 for the proof.

In the case of an interior allocation, the optimal transfer scheme is not unique. As
an example, suppose that the equilibrium sorting exhibits high-type PAM, that is, y1-
parents are allocated into submarket x1 with probability one, while y2-parents are allo-
cated into both submarkets with strictly positive probability. Note, this is similar to the
example of Arizona discussed in the introductionwhere low-needs children can be fos-
tered by parents holding any of the two licenses, and high-needs children can only be
fostered by parents holding one particular license. Here, the optimal transfer scheme
is τ1∗(x1) = c(x1, y1), τ2∗(x1) ≥ 0, and τ2∗(x2) = c(x2, y2) − [τ2∗(x1) − c(x1, y2)]

πp(θ∗1)λ
2∗(x1)

πp(θ∗2)λ
2∗(x2)

.
Now, as in practice, suppose that parents who provide care in the same market receive
the same transfer, that is, τ 1∗(x1) = τ 2∗(x1) = c(x1, y1). In this case, the optimal transfer
for parent y2 in submarket x2 would be the following:

τ2∗(x2) = c(x2, y2)−
[
c(x1, y1)− c(x1, y2)

]πp(θ∗1)λ
2∗(x1)

πp(θ∗2)λ
2∗(x2)

In what follows, we briefly discuss what the theoretical findings imply over foster
care in the U.S..

3.1 Implications for foster care in the U.S.

There are several implications for the design of licensing systems in foster care.
First, the agency should design the menu to separate parents as much as possible.

Specifically, parental abilities should be allocated to distinct submarkets—exclusively
where feasible. When overlap is unavoidable, it is preferable to assign a single parental
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ability acrossmultiple submarkets rather than to combinemultiple abilities within sev-
eral submarkets. In this regard, the nested hierarchy adopted in some existing state-
level menus provides a useful benchmark consistent with this principle.

Second, the agency should assign parentswith higher abilities—taking into account
overall surplus generation—to larger submarkets. Doing sominimizes the costs associ-
ated with search frictions. For example, when the submarket for children with special
needs is large, it becomes more likely that the optimal menu exhibits Positive Assor-
tative Matching (PAM) rather than Negative Assortative Matching (NAM), and the
converse holds when the submarket is small.

Finally, a simple transfer schedule is sufficient. At the optimum, parents with
different licenses caring for the same type of child can receive the same transfer. This
result stems directly from the nested structure of the equilibrium allocation, which
implies that markets are segmented. In contrast, with a fully interior allocation, such a
simple transfer schedulewould not satisfy both [PC] conditions simultaneously. Given
that the designer has the freedom to choose any randomization mechanism, it is not
at all obvious that simple transfers can always be part of an equilibrium. Additionally,
equilibrium transfers depend on further market characteristics, including the number
of children, the number of parents, the allocation itself, and the meeting technology.

4 Extensions

Here, we extend our complete information model in three key directions and present
the corresponding findings. The segregation result, the insufficiency of supermodu-
larity for PAM and the optimality of simple transfer schedules are robust to adverse se-
lection and extend, with suitable adaptations, to settings with continuous ability types.
We also analyze the sensitivity of our results by conducting comparative statics on the
meeting technology.

4.1 Private Information

In this section, we analyze the case where a parent’s ability is private information by
incorporating incentive compatibility constraints into the problem specified in Equa-
tion (1):

[IC]
2∑

i=1

[
τk(xi)− c(xi, yk)

]
λk(xi)π

p(θxi) ≥
2∑

i=1

[
τk

′
(xi)− c(xi, yk)

]
λk′(xi)π

p(θxi), ∀k, k′ = 1, 2

Recall that high-ability parents incur a smaller cost when providing care for any child
than low-ability parents do. Thus, high-ability parents receive a smaller expected trans-
fer under the optimal menu specified for the complete information setting, regardless
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of the sorting pattern or equilibrium allocation. Hence, high-ability parents have in-
centives tomimic low-ability parents in the presence of private information. Therefore,
the [PC] for low-ability parents and the [IC] for high-ability parentsmust be binding in
equilibrium. Plugging them into the objective function in Equation (1), the designer’s
problem reduces to:

max
{λk(x1),λk(x2)}2k=1


2∑

i=1

πp
(
θi
) [ 2∑

k=1

(
u(xi, yk)− c(xi, yk)︸ ︷︷ ︸

S(x,y)

)
λk(xi) g(yk)

]

−
[
c(x1, y1)− c(x1, y2)

]
λ1(x1)π

p(θ1)g(y2)−
[
c(x2, y1)− c(x2, y2)

]
λ1(x2)π

p(θ2)g(y2)

} (3)

subject to [FC], [MT], and [IC] for low-ability parents.22,23

As one can see, in the objective function, extra terms appear in the second line due
to information frictions. Looking closely, these terms correspond to the expected gain
that a high-ability parent obtains by mimicking low-ability parents.

Remark 1. The incentive compatibility conditions are satisfied if and only if:(
λ2(x2)− λ1(x2)

)(
πp(θ2)

[
c(x2, y1)− c(x2, y2

]
− πp(θ1)

[
c(x1, y1)− c(x1, y2)

])︸ ︷︷ ︸
C(θ1)

≥ 0

where C(·) represents the expected cost difference between caring for child x2 and child x1 when com-
paring a high-ability parent to a low-ability parent. Note that, C(θ1) increases with θ1. Furthermore,
λ2(x2)− λ1(x2) is non-negative if the given allocation exhibits PAM.

With this remark in hand, we start by showing that Lemma 1 and Proposition 1 pre-
sented in the previous section carry over to the private information (see Appendix C.1
and C.2). To do so, we initially examine the relaxed version of the designer’s problem
(Equation 3) by dropping [IC] for low-ability parents. After that we introduce a con-
dition, using Remark 1, for both to be satisfied. Following the perturbation argument
over iso-tightness line, as we did previously, the term that characterizes the optimal
allocation of parents across submarkets becomes:

22Notice, [PC] for low-ability parents and [IC] for high-ability parents imply [PC] for high-ability
parents, see proof of Proposition 4 in Appendix C.4.

23For the complete information case, the assumption
∑

x∈X λ(x) = 1 does not play a role in our
results: if we relax it to

∑
x∈X λ(x) ≤ 1, at the optimum this inequality will still be binding. In the

private information setting, the optimum could change if we relax this equality: the designer might
find it optimal to leave some foster parents out of the market to mitigate the incentives of mimicking.
However, we believe that our assumption is reasonable considering that foster care exhibits a shortage of
foster parents, who have to pass a rigorous assessment to be accepted to participate in the market. Thus,
imposing that the system would like to employ all available parents is in line with the child welfare
agencies objectives. In addition, relaxing this assumption would make the problem intractable for the
private information case.
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ZPI(θ1) = πp(θ2)
[
S(x2, y2)− S(x2, y1) +

g(y2)

g(y1)

(
c(x2, y1)− c(x2, y2)

)]
− πp(θ1)

[
S(x1, y2)− S(x1, y1) +

g(y2)

g(y1)

(
c(x1, y1)− c(x1, y2)

)]
(4)

Note that ZPI(θ1) is analogous to ZCI(θ1), adjusted by the cost due to the information
friction. Recall,

ZCI(θ1) = πp(θ2)
([

u(x2, y2)− c(x2, y2)
]
−
[
u(x2, y1)− c(x2, y1

])
− πp(θ1)

([
u(x1, y2)− c(x1, y2)

]
−
[
u(x1, y1)− c(x1, y1)

])
(5)

Acouple of significant insights areworth highlighting. First, if there are no high-ability
parents (i.e., g(y1) = 1), then there is no screening problem and Equations (4) and (5)
coincide. Second, under private information, the information friction amplifies the cost
difference term in the virtual surplus. In particular, in (4) the expression

c(xi, y1)− c(xi, y2)

is weighted by g(y2)/g(y1) = 1/g(y1) − 1, which increases its magnitude whenever
g(y1) < 1. This is the sense inwhich information frictionsmagnify the cost component—
they scale the difference in costs, rather than the level c(x, y) itself. Third, the size of this
amplification decreases as the share of low-ability parents increases.

As in Section 3, the sign of ZPI(·) at the equilibrium θ1 determines the equilibrium
sorting (see Proposition C.1). Now, we present sufficient conditions formonotone sort-
ing under private information, analogous to Corollary 1:24

Corollary 2 (SufficientConditions for PAMandNAM). The equilibrium sorting exhibits

(i) PAM if
S(x2,y2)−S(x2,y1)+

g(y2)
g(y1)

·[c(x2,y1)−c(x2,y2)]

S(x1,y2)−S(x1,y1)+
g(y2)
g(y1)

·[c(x1,y1)−c(x1,y2)]
≥ 1

πp(1/f(x2))
and c(x2,y1)−c(x2,y2)

c(x1,y1)−c(x1,y2)
≥ 1

πp(1/f(x2))
.

(ii) NAMif
S(x1,y2)−S(x1,y1)+

g(y2)
g(y1)

·[c(x1,y1)−c(x1,y2)]

S(x2,y2)−S(x2,y1)+
g(y2)
g(y1)

·[c(x2,y1)−c(x2,y2)]
≥ 1

πp(1/f(x1))
and c(x1,y1)−c(x1,y2)

c(x2,y1)−c(x2,y2)
≥ 1

πp(1/f(x1))
.

Unlike the complete information case, the surplus function is not sufficient to elicit
the equilibrium sorting pattern under the presence of private information. Here, we
need to take into account the cost of a match as well as the distribution of parents. The
first condition of Corollary 2(i) ensures that the allocation that maximizes the objec-
tive function exhibits PAM, and the second condition guarantees that the allocation is
implementable—incentive compatible.

Note, the second condition requires c(x, y) to be a strong sub-modular function.25

That is, the difference between the cost of providing care for a child x2 and a child x1

24See Appendix B.2 in the online supplement for a detailed characterization.
25By strong sub-modularity on the cost function we mean: [c(x2, y1) − c(x2, y2)

]
· πp

(
1

f(x2)

)
≥ c(x1, y1) −

c(x1, y2) which introduces a constraint that is sensitive to the underlying distribution and the specific
meeting technology. Similarly, the condition of strong super-modularity on the cost function follows.
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must be greater for low-ability parents than for high-ability parents. A sub-modular
cost function implies that the informational rents paid to high-ability parents are lower
under PAM than NAM. In other words, it is cheaper for the designer to motivate high-
ability parents to report truthfully while inducing PAM. Analogous for 2(ii).

Next, motivated by the fact that the child welfare agency may not have the distribu-
tion of parents’ attributes, we establish conditions that do not depend on this primitive:

Corollary 3 (SufficientConditions for PAMandNAM). The equilibrium sorting exhibits

(i) PAM if S(x2,y2)−S(x2,y1)
S(x1,y2)−S(x1,y1)

≥ 1
πp(1/f(x2))

and c(x2,y1)−c(x2,y2)
c(x1,y1)−c(x1,y2)

≥ 1
πp(1/f(x2))

.

(ii) NAM if S(x1,y2)−S(x1,y1)
S(x2,y2)−S(x2,y1)

≥ 1
πp(1/f(x1))

and c(x1,y1)−c(x1,y2)
c(x2,y1)−c(x2,y2)

≥ 1
πp(1/f(x1))

.

Corollary 3 follows directly from Corollary 2. In item (i), we require S(x, y) to be a
strong super-modular function as in the complete information case, and the condition
of strong sub-modularity in c(x, y) to ensure incentive compatibility.

Next, we examine the problem under more relaxed conditions, specifically when
the conditions outlined in Corollaries 2 and 3 are not satisfied. Let C(θ′1) = 0 and
ZPI(θ′′1) = 0 for some θ′1 and θ′′1 . Thus, C(θ1) > 0 if and only if θ1 > θ′1, and ZPI(θ1) > 0

if and only if θ1 > θ′′1 .

Proposition 3. Let θ∗∗1 denote the equilibrium market tightness derived from the solution
{λk∗∗(x1)}2k=1 in Equation 3. (i) If θ∗∗1 ≥ max

{
θ′1, θ

′′
1

}
then {λk∗∗(x1)}2k=1 is a solution

to Equation 1 which exhibits PAM. (ii) If θ∗∗1 ≤ min
{
θ′1, θ

′′
1

}
then {λk∗∗(x1)}2k=1 is a solu-

tion to Equation 1 which exhibits NAM. (iii)Otherwise, {λk∗∗(x1)}2k=1 and the corresponding
induced θ∗∗1 do not solve Equation 1.

Proposition 3 is analogous to Proposition 1. It essentially states that the solution
to the relaxed problem forms an equilibrium for the more constrained problem if the
resulting market tightness in submarket-x1 is either sufficiently high or low, relative to
specific thresholds determined by the meeting technology, surplus, and cost functions:
max

{
θ′1, θ

′′
1

}
and min

{
θ′1, θ

′′
1

}
.

Next, we analyze the equilibrium transfers under private information. By fixing the
optimal allocations {λk∗∗(x1), λ

k∗∗(x2)}2k=1 from Equation 3, the designer solves the fol-
lowing: min{τk(x1),τk(x2)}2k=1

{∑2
i=1 π

p
(
θ∗∗i

) ∑2
k=1 τ

k(xi)λ
k∗∗(xi) g(yk)

}
subject to [FC],

[PC] and [IC] from Equation 1. Here, the [PC] for low-ability parents, and the [IC]
for high-ability parents determine the equilibrium transfer scheme. Formally:

Proposition 4 (Simple Transfers). Fix an equilibrium allocation {λk∗∗(x1), λ
k∗∗(x2)}2k=1.

Any feasible transfer schedule that satisfies both of the PC for y1-type parents and the IC for
y2-type parents with equality is an equilibrium provided that one of the following conditions
holds: (i) λ2∗∗(x2) ≥ λ1∗∗(x2) and c(x, y) is strong sub-modular, or (ii) λ1∗∗(x2) ≥ λ2∗∗(x2)

and c(x, y) is strong super-modular
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Note that conditions in Corollaries 2 and 3 are also sufficient for Proposition 4. In
particular, Corollary 2(i) or Corollary 3(i) ensure two things: (1) the cost function
c(x, y) is strong sub-modular, and (2) the randomization device exhibits PAM, that is,
λ2∗∗(x2) ≥ λ1∗∗(x2). Thus, conditions in Corollaries 2 or 3 satisfy the conditions in
Proposition 4(i). An analogous argument applies to item (ii). See Appendix C.4 for
the proof. Notice, simple transfer schedules are still part of an optimal menu, despite
the information frictions.

We conclude this section with an example by incorporating private information.

Example 1. (PAM fails despite a supermodular surplus function) Let the environment
have the following specifications: f(x1) = 0.8, g(y1) ∈ (0, 1), S(x2, y2) = 191, S(x1, y2) =

201, S(x2, y1) = 40, S(x1, y1) = 51, and that πp(θ) = 1/1+θ. Moreover, suppose that the cost
function is super-modular with the following values: c(x2, y2) = 15, c(x1, y2) = 1, c(x2, y1) =

20 and c(x1, y1) = 15.26

Figure 4: Randomization Device - Private & Complete Information

Figure 4 shows that the optimal randomization devices for both complete (λk(x1), 1−λk(x1)),
and private information (λ̂k(x1), 1−λ̂k(x1)) scenarios are remarkably similar. Note that λ1(x1)

and λ2(x1) closely resemble λ̂1(x1) and λ̂2(x1), respectively.27 However, when g(y1) lies ap-
proximately in (0.8, 0.9), the equilibrium sorting pattern is PAM under complete information,
whereas it is NAM with private information.

To build intuition, note first that under these parameter values only NAM can satisfy the
incentive compatibility constraints; a separating PAM allocation is not feasible. The numerical
comparison below therefore serves solely to illustrate why information rents move in a way
that disfavors PAM. Under complete information, consider the equilibrium menu that achieves
perfect sorting, so that τ k(x) = c(x, yk). Suppose this menu induces NAM. A type-y2 parent
then has an incentive to misreport as type-y1 in order to reach x2 rather than x1, yielding an
(ex-post) deviation gain

τ 1(x2)− c(x2, y2) = 5.

26Notice, the cost function here guarantees the existence of a separatingmenu of licenses underNAM,
whereas any equilibrium exhibiting PAM does not screen parents.

27This similarity arises due to the values of the surplus and cost functions. If the values of the cost
functionwere to increase, it would lead to a notable disparity in the optimal randomization rule between
the complete and private information settings.
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If instead the same menu were used to implement PAM, the analogous misreporting incentive
becomes

τ 1(x1)− c(x1, y2) = 14,

which is strictly larger. Hence, type-y2 parents would have stronger incentives to mimic type-
y1 under PAM than under NAM. This illustrates why, for the present parameter values, NAM
is the only sorting pattern that can be supported under private information, even though PAM
is optimal under complete information for some values of g(y1). This intuition aligns with the
counterpart to Corollary 2(i). For a detailed analysis, see Appendix A of the online supplement.
□

4.2 Continuous ability types

Motivated by the fact that a parent’s ability to provide care might be a continuous vari-
able, we now assume that parents differ in y ∈ [y, ȳ] ≡ Y ⊂ R+, which follows a con-
tinuous and differentiable cumulative distribution function (CDF) G(y)with a strictly
positive probability density function (PDF) g(y). We uphold our regularity conditions:
S(x, y) is increasing in y, while c(x, y) is increasing in x and decreasing in y.

Now, a license for a type-y parent is L(y) ≡
{(

λ(xi, y), τ(xi, y)
)}2

i=1
. Thus, condi-

tional on a meeting taking place, the probability that a child of type x meets a parent
of type y is λ(x,y)g(y)/

∫ y
y λ(x,y)g(y) dy.

Hence, the net expected utility in each submarket x, conditional on a meeting, is

W (x) =

( y∫
y

[
u(x,y)−τ(x,y)

]
λ(x,y)g(y) dy

)
/
( y∫

y

λ(x,y)g(y) dy

)
. The designer’s problem under com-

plete information becomes:
max({(

λ(xi,y),τ(xi,y)
)}2

i=1

)
y∈Y

{ 2∑
i=1

πc
(
θi
)
W (xi) f(xi)

}
(6)

subject to [FC] and [PC] as defined earlier, and [MT]: θi = 1/f(xi) ·
∫ y
y λ(xi, y)g(y) dy, for

i = 1, 2.

After incorporating the [PC] equations into the objective function, and using the
[MT] along with the relationship πc(θ)/θ = πp(θ), the designer’s problem reduces to:

max({
λ(xi,y)

}2

i=1

)
y∈Y

{ 2∑
i=1

πp
(
θi
)
·

y∫
y

S(xi, y)λ(xi, y)g(y) dy
}

(7)

It is easy to see that the randomization device λ(x, y) is independent ofwhether interim
or ex-post participation constraints are satisfied (see Corollary B.1). Furthermore, the
segregation result from the two-type case (see Lemma 1) extends to the current envi-
ronment, albeit with a caveat:

Lemma 2. Any interior randomization λ(x, y) is sub-optimal.
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Please see Appendix D.1 for the proof. Lemma 2 states that for each parent y, the
randomization device will take a value of either zero or one. Notably, unlike in the
complete-information case, a parent will foster only one type of child here. Therefore,
the nested structure of licenses described in the introduction does not appear in this
case.

The proof follows the two–type case. Beginwith an interior randomizationλ(x1, y) ∈
(0, 1) so that λ(x2, y) = 1 − λ(x1, y) by the [FC]. Define a perturbation ε : Y → R
constructed piecewise over intervals on which ẐCI(y | θ) is monotone, and impose∫
I
ε(y)g(y) dy = 0 on each such interval I . Let λ̃(y) =

(
λ(x1, y) − ε(y), λ(x2, y) + ε(y)

)
,

which preserves market tightness. The welfare change is

∆W =

∫ y

y

ẐCI(y | θ) ε(y)g(y) dy,where ẐCI(y | θ) := πp(θ2)S(x2, y)− πp(θ1)S(x1, y).

By choosing ε to increase where ẐCI increases and decrease where ẐCI decreases, each
monotonicity interval contributes positively to ∆W , so any interior randomization is
sub-optimal. 28

Definition 2. If λ(x2, y) is non-decreasing (non-increasing) in y, then sorting exhibits PAM
(NAM).

Given an equilibrium market tightness (θ∗1, θ∗2), there exists a threshold parent at-
tribute such that all parents with ability below this threshold are allocated to one sub-
market, while all parentswith ability above it are allocated to the other submarket. This
result reflects a complete segregation of the market.

Proposition 5. Let (θ∗1, θ∗2) be an equilibrium market tightness.

(i) If ẐCI(y | θ∗) is increasing in y, then the equilibrium exhibits PAM:

λ∗(x2, y) =

0, y ≤ ŷPAM ,

1, y > ŷPAM ,
θ∗1 =

G(ŷPAM)

1− f(x2)
, θ∗2 =

1−G(ŷPAM)

f(x2)
.

(ii) If ẐCI(y | θ∗) is decreasing in y, then the equilibrium exhibits NAM:

λ∗(x2, y) =

1, y ≤ ŷNAM ,

0, y > ŷNAM ,
θ∗1 =

1−G(ŷNAM)

1− f(x2)
, θ∗2 =

G(ŷNAM)

f(x2)
.

28Appendix D.1 provides the explicit piecewise construction. The analogy between ∂yẐ
CI and the

discrete ZCI is heuristic; the argument only relies on the sign and monotonicity of ẐCI . We thank an
anonymous referee for pointing to it.
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SeeAppendixD.2 for the proof.29 Inwhat follows, we establish sufficient conditions
for monotone sorting. To this end, let S(x, y) be continuous and differentiable over Y ,
and let Sy(x, ·) denote the partial derivative of S(x, y)with respect to y.
Corollary 4. need a blank line here

(i) If Sy(x2,ỳ)/Sy(x1,ỳ) ≥ 1
πp(1/f(x2))

where ỳ := argmin
y∈Y

πp
(
1/1−f(x1)

)
Sy(x2, y)− Sy(x1, y), then

the equilibrium sorting exhibits PAM. That is, λ∗(x2, y) = 0 for all y ≤ ŷPAM and
λ∗(x2, y) = 1 for all y > ŷPAM with:

ŷPAM := argmax
ŷ∈Y

πp
(
G(ŷ)/f(x1)

) ŷ∫
y

S(x1, y)g(y)dy + πp
(
1−G(ŷ)/1−f(x1)

) y∫
ŷ

S(x2, y)g(y)dy.

(ii) If Sy(x1,ý)/Sy(x2,ý) ≥ 1
πp(1/f(x1))

where ý := argmax
y∈Y

Sy(x2, y) − πp
(
1/f(x1)

)
Sy(x1, y), then

the equilibrium sorting exhibits NAM. That is, λ∗(x2, y) = 1 for all y ≤ ŷNAM and
λ∗(x2, y) = 0 for all y > ŷNAM with:

ŷNAM := argmax
ŷ∈Y

πp
(
1−G(ŷ)/f(x1)

) y∫
ŷ

S(x1, y)g(y)dy + πp
(
G(ŷ)/1−f(x1)

) ŷ∫
y

S(x2, y)g(y)dy.

See Appendix D.3 for a proof. Corollary 4 (i) implies that S(x, y) is supermodular.
This suggests that our condition is slightly stronger than the standard supermodularity
of the surplus function required to ensure PAM, as in the two-type case. Analogously,
a sufficient condition—Corollary 4 (ii)—for NAM follows. Furthermore, these condi-
tions result in a segregation of the market, with one key distinction from the two-type
case: no parent is allocated across both submarkets. Specifically, a threshold type-y
parent emerges, dividing the type space into two distinct partitions, each allocated to
a separate submarket. This contrasts with environments involving a finite number of
parent types. An immediate implication is that if the conditions for monotone sorting
are satisfied, the designer’s problem simplifies to selecting the threshold type-y parent
that partitions the type space. This choice is effectively equivalent to determining the
market tightness.

Remark 2. The model and analysis can be readily extended to accommodate an arbitrary envi-
ronment with X = {x1, x2, . . . , xn} where n ≥ 2 while y ∼ Y with a nonzero PDF g(·). In
such a setting, whenever λ(x, y) ∈ (0, 1) for some x ∈ {xi, xj} over some non-zero measure
Y ′ ⊆ Y , a similar perturbation—between submarkets i and j over the type-space Y ′ without
altering MT at each submarket—yields the following change in the welfare:

∆W =

∫
y∈Y ′

[
πp(θxi)S(xi, y)− πp(θxj )S(xj , y)

]
ε(y)g(y)dy.

29The proof relies on the monotonicity of ẐCI(y | θ∗) in y. Supermodularity (respectively, submod-
ularity) of the underlying bivariate function πp(θ∗)S(x, y) is a sufficient condition for this monotonicity,
but supermodularity is not a property of the univariate mapping y → ẐCI(y | θ∗). We thank the referee
for this clarification.
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Thus, the steps outlined above can be easily followed to replicate the analysis and derive charac-
terizations analogous to Proposition 5 as well as Corollary 4.

Lastly, the transfers can be easily determined by the [PC] since parents are allo-
cated to exactly one submarket. Specifically, τ ∗(xi, y) = c(xi, y) if λ∗(xi, y) = 1 for all
(xi, y). Thus, in this case, we observe that paying parents exactly the cost of providing
care, as mentioned in the Arizona example, constitutes an equilibrium. However, it is
important to note that this outcome is optimal only when licenses are not nested.

4.3 The Effect of Search Friction

In this section, we analyze the role of meeting technology in modeling search frictions
within the allocation process. Specifically, we investigate how changes in search tech-
nology—whether advancements or setbacks—affect our sorting results. This analysis
is motivated by the observed differences in the effectiveness of child welfare agencies
in matching children with suitable foster families.

Formally, we define what constitutes an improvement in search technology, con-
centrating, without loss of generality, on its application to parents. Recall that πp(·) is a
strictly decreasing and strictly convex function bounded by πp(0) = 1 and lim

θ→∞
πp(θ) =

0.30 LetΠp be the set of all such bounded, strictly decreasing, and strictly convex func-
tions. For any πp, π̂p ∈ Πp, we say that π̂p is an improved technology compared to πp

if ∂π̂p(θ)/∂θ > ∂πp(θ)/∂θ for any finite θ. Note, this also implies π̂p(θ) > πp(θ). If π̂p is an
improved technology of πp, we denote we denote π̂p ▷ πp. Now, the following partially
characterizes the equilibrium sorting as meeting technology improves:

Proposition 6. Suppose S(x, y) is supermodular (submodular). If the equilibrium sorting is
PAM (NAM) with some meeting technology πp, then it remains PAM (NAM) for any π̂p such
that we denote π̂p ▷ πp.

5 Concluding Remarks

This paper analyzes the foster care system in the U.S. as a two-sided matching market
wherein one side consists of childrenwho are heterogeneous in the level of care needed,
and the other side consists of parents who differ in their ability to take care of a child.
We solve for the optimalmenu of licenseswhich specifies an allocation of parents across
submarkets of children as well as the corresponding transfers, in the presence of search
and information frictions.

30Moreover, recall that πc(θ)/θ ≡ πp(θ). And thus, for any other meeting technology for parents π̃p(θ),
it has to be the case that π̃p(θ) · θ = π̃c(θ) is strictly increasing and concave with the following bounds
π̃c(0) = 0 and lim

θ→∞
π̃c(θ) = 1.
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The paper establishes three key results that hold regardless of the information fric-
tions: (i) it is not optimal to mix multiple types of parents into multiple submarkets of
children, (ii) a single price for a type of a child at each license is indeed part of an op-
timal menu, and (iii) super-modularity and sub-modularity of the surplus of a match
are neither sufficient nor necessary conditions for the optimal sorting to exhibit PAM
and NAM, respectively. The former two rationalize the nested nature of the menu of
licenses offered by various states in the U.S.. The latter has implications for the optimal
allocation of parents: even if the surplus shows complementarity (substitutability) in
child and parent’s attributes, allocating parents into submarkets such that the sorting
exhibits PAM (NAM) is not necessarily optimal due to search frictions.

We alsomake inferences once information friction is introduced: as the share of low-
type parents increases, the allocation of parents approaches the first-best (complete
information). This is because high-type parents mimic the low-type parents to receive
a greater expected transfer. As a result, the designer pays information rents to high-
type parents to overcome such incentives. The smaller the share of high-type parents,
the less costly information friction becomes. However, if the proportion of high-type
parents is big enough, then not only the allocation diverges from the first-best, but also
the optimal sorting may reverse.

Lastly, we analyze the sensitivity of our results by introducing a continuous at-
tribute space for parents and briefly discuss the implications of expanding the discrete
attribute space for children.
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Abdulkadiroğlu, A., N. Agarwal, and P. A. Pathak (2017): “The Welfare Effects of
Coordinated Assignment: Evidence from the NYC High School Match,” American
Economic Review, 107, 3635–3689.
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A Appendix: Foster Care in the U.S.
A.1 Overview

During 2020 Federal Fiscal Year (FFY),31 childwelfare agencies across the United States

received more than 3.9 million allegations of suspected child abuse or neglect (equiv-

alent to approximately 7.1 million children). Out of these children, 9 percent were

removed from their homes and placed into foster care. According to Rosinsky et al.

(2023), the national spending on childwelfare in 2020 FFYwas approximatelyUS$34.1,

out of which US$15.2 billion was federally funded, and the remaining was financed

directly by States. Furthermore, 45 percent of the national spending was destined to

foster care placement expenditure, including payments to foster parents.

Using the Foster Care Files from AFCARS,32 we observed that in 2020 FFY there

were 631,254 children in foster care. On average, these children were almost 7 years

old, 49 percent were females, 69 percent were white, and 24 percent were clinically

diagnosedwith a disability.33 Thus, based on the disability variable, we can infer that at

least 24 percent of children in the U.S. foster care are special needs.34 During their stay

in foster care, 77 percent of these children were placed with foster parents, 9 percent

were placed in institutional care, and the remaining had other arrangements. Foster

parents caring for children with and without a disability received an average payment

of US$1,423 and US$ 2,704 per month, respectively. In this data set, foster parents are

not identifiable; only family structure, race and year of birth are reported. Thus, since

we do not know how many times a foster parent might appear, we can not provide

reliable statistics.

Most of the information regarding foster parents comes from Census data and sur-

veys. Using Census data from 2000, O’Hare (2008) finds that households with foster

children, compared to all other householdswith children, are: less likely to bemarried-

couples, less likely to have amember who finished college, less likely to work full-time,

more likely to be low income families, and more likely to receive public assistance in-
31October 1, 2019 to September 30, 2020.
32AFCARS is a federally mandated data collection system. All fifty US states and the District of

Columbia are required to collect data on all children in foster care and all children adopted from foster
care.

33A disability includes conditions such as blindness, glaucoma, arthritis, multiple sclerosis, down
syndrome, personality disorder, attention deficit, and anxiety disorder, among others.

34In the majority of the cases, once a child enters the foster care system, a mandatory medical evalu-
ation is performed, therefore we assume that the level of care needed is common knowledge.
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come. Now, after conducting a survey of 297 foster mothers, Cox et al. (2011) finds that

the average age is 44.1 years old, 88.2 percent are European-American, 75.1 percent are

married, 28.9 percent have a bachelor’s degree, 33 percent works full-time, and 50.1

percent have an annual family income less than US$50,000.

A.2 Matching Process

Foster care is overseen and managed at the state level by Child Protective Services

(CPS). Upon receiving an allegation regarding a child’s well-being, CPS assigns a so-

cial worker to the case, starting an investigation. If sufficient evidence supporting an

accusation is identified, the case is presented to a juvenile or family court. The judge

then determines whether the child should be removed from their birth family home

and placed in foster care.

In many states, decisions regarding the placement of children are made by social

workers. Acting on behalf of the child, the social worker (a) searches for and contacts

foster parents, (b) facilitates a meeting between the foster parent and child to assess

compatibility, and (c) decides on the placement of the child. In this search process, the

social worker can only consider fosters parent who are certified, through a license, to

provide care for the child.

Foster parents must obtain a license to provide care for children. The licensing pro-

cess involves a home study andmandatory training. The home study ensures the foster

parent’s residence is clean, in good condition, and free from hazards. Initial training,

ranging from 15 to 30 hours, covers topics such as agency policies, foster parent roles

and responsibilities, and behavior management. The menu of licenses varies across

states (for more details see DeVooght and Blazey (2013)). As we mentioned in the in-

troduction, children are grouped by the level of care needed, and transfers vary across

groups. These transfers follow the principle that foster parents caring for childrenwith

high-needs receive greater transfers.

B Appendix: Analysis of Complete Information

In this section, we prove the results for the complete information case. For each par-
ent yk with k = {1, 2}, the designer offers a licenses (λk, τ k). The designer solves the
following problem:
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max{(
λk(xi),τk(xi)

)2
i=1

}2

k=1

{ 2∑
i=1

πc
(
θi
) ∑2

k=1

[
u(xi, yk)− τk(xi)

]
λk(xi)g(yk)∑2

k=1 λ
k(xi) g(yk)

f(xi)
}

subject to [FC]s, [MT]s, and [PC]s defined in the optimization problem 1. Recall that
πp(θ) = πc(θ)/θ. Thus, the objective function can be written as:

max{(
λk(xi),τk(xi)

)2
i=1

}2

k=1

{ 2∑
i=1

πp
(
θi
) 2∑

k=1

[
u(xi, yk)− τk(xi)

]
λk(xi)g(yk)

}

Notice from the [PC]s that the expected total transfer must be equal to the expected
total cost for each license:

∑2
i=1 τ

k(xi)λ
k(xi)π

p(θi) =
∑2

i=1 c(xi, yk)λ
k(xi)π

p(θi). Thus
replacing this into the rearranged objective function reduces the designer’s problem to
the following:

max{
λk(x1),λk(x2)

}2

k=1

{ 2∑
i=1

πp
(
θi
) 2∑

k=1

[
u(xi, yk)− c(xi, yk)

]
λk(xi)g(yk)

}
s.t. [FC]s and [MT]s.

Corollary B.1. In the first best, the randomization device
{
λk(x1), λ

k(x2)
}2

k=1
is independent

of whether we consider interim or ex-post participation constraints.

B.1 Proof of Lemma 1

For each (x, k), let λk(x) be an arbitrary-feasible interior probability that generates a

total welfare equal to:

W
(
λ1(x1), λ

2(x1)
)
= πp(θ1) ·

[
g(y1) λ

1(x1) S(x1, y1) +
(
1− g(y1)

)
λ2(x1) S(x1, y2)

]
+ πp(θ2) ·

[
g(y1)

(
1− λ1(x1)

)
S(x2, y1) +

(
1− g(y1)

) (
1− λ2(x1)

)
S(x2, y2)

]
, where

θ1 =
g(y1) λ

1(x1) +
(
1− g(y1)

)
λ2(x1)

f(x1)
and θ2 =

g(y1)
(
1− λ1(x1)

)
+

(
1− g(y1)

)(
1− λ2(x1)

)
1− f(x1)

(B.1)

After trembling λ1(x1) by ε1 and λ2(x1) by ε2 such that ε2 ≡ −ε1g(y1)/1−g(y1), ensuring

that the market tightness in each market remains constant, the new total welfare is:

W
(
λ1(x1)+ε1, λ

2(x1)+ε2
)
= πp(θ1)·

[
g(y1) λ

1(x1)S(x1, y1)+
(
1−g(y1)

)
λ2(x1)S(x1, y2)

]
+ πp(θ2) ·

[
g(y1)

(
1− λ1(x1)

)
S(x2, y1) +

(
1− g(y1)

) (
1− λ2(x1)

)
S(x2, y2)

]
+ ε1 g(y1)

(
πp(θ2)

[
S(x2, y2)− S(x2, y1)

]
− πp(θ1)

[
S(x1, y2)− S(x1, y1)

])
Thus, the change in welfare is equal to:
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∆W = W
(
λ1(x1) + ε1, λ

2(x1) + ε2
)
−W

(
λ1(x1), λ

2(x1)
)

= ε1 g(y1)
(
πp(θ2)

[
S(x2, y2)− S(x2, y1)

]
− πp(θ1)

[
S(x1, y2)− S(x1, y1)

])︸ ︷︷ ︸
ZCI(θ1)

where θ1 and θ2 are defined as in Equation B.1. Note that θ2 = 1−f(x1)θ1/1−f(x1), thus

ZCI can be written as a function of only θ1. It is easy to see that ZCI(θ1) is strictly

increasing in θ1. Therefore, ZCI(θmax
1 ) ≥ ZCI(θ1) ≥ ZCI(0) for any θ1 ∈ [0, θmax

1 ] where

θmax
1 = 1/f(x1). Now, we analyze three cases:

1. Suppose ZCI(θ1) > 0. Then, pick ε1 > 0 with ε2 = −ε1g(y1)/1−g(y1) such that either

λ̂1(x1) ≡ λ1(x1) + ε1 = 1 or λ̂2(x1) ≡ λ2(x1) + ε2 = 0. In the former case, λ̂1(x2) = 0 and

λ̂2(x2) ∈ (0, 1); and in the latter case, λ̂1(x2) ∈ (0, 1) and λ̂2(x2) = 1. In both cases, the

definition of PAM is satisfied.

2. Suppose ZCI(θ1) < 0. Then, pick ε1 < 0 with ε2 = −ε1g(y1)/1−g(y1) such that either

λ̂1(x1) ≡ λ1(x1) + ε1 = 0 or λ̂2(x1) ≡ λ2(x1) + ε2 = 1. In the former case, λ̂1(x2) = 1 and

λ̂2(x2) ∈ (0, 1); and in the latter case, λ̂1(x2) ∈ (0, 1) and λ̂2(x2) = 0. In both cases, the

definition of NAM is satisfied.
3. Suppose ZCI(θ1) = 0. We show that an interior randomization device can not be an
equilibrium. To see this, first tremble λ1(x1) by ε1, and calculate welfare:

W
(
λ1(x1) + ε1, λ

2(x1)
)
= πp(θ̂1) ·

[
g(y1) λ

1(x1) S(x1, y1) +
(
1− g(y1)

)
λ2(x1) S(x1, y2)

]
+ πp(θ̂2) ·

[
g(y1)

(
1− λ1(x1)

)
S(x2, y1) +

(
1− g(y1)

) (
1− λ2(x1)

)
S(x2, y2)

]
+ ε1g(y1)

[
πp(θ̂1) S(x1, y1)− πp(θ̂2) S(x2, y1)

]
where θ̂1 = θ1 + ε1g(y1)/f(x1), θ̂2 = θ2 − ε1g(y1)/1−f(x1), and θ1, θ2 are defined as in Equa-
tion B.1. Now, let’s tremble λ2(x1) by ε2, and calculate welfare:

W (λ2(x1), λ
2(x1) + ε2) = πp(θ̃1) ·

[
g(y1) λ

1(x1) S(x1, y1) +
(
1− g(y1)

)
λ2(x1) S(x1, y2)

]
+ πp(θ̃2) ·

[
g(y1)

(
1− λ1(x1)

)
S(x2, y1) +

(
1− g(y1)

) (
1− λ2(x1)

)
S(x2, y2)

]
+ ε2

(
1− g(y1)

)[
πp(θ̃1) S(x1, y2)− πp(θ̃2) S(x2, y2)

]
where θ̃1 = θ1 + ε2(1−g(y1))/f(x1), θ̃2 = θ2 − ε2(1−g(y1))/1−f(x1), and θ1, θ2 are defined as in

Equation B.1. For any small ε1 with ε2 ≡ ε1g(y1)/1−g(y1), it follows that θ̂1 = θ̃1 and θ̂2 = θ̃2.

Pick such ε2. Then, increasing λ1(x1) is marginally more profitable than increasing
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λ2(x1) if and only if

πp(θ̂2) ·
[
S(x2, y2)− S(x2, y1)

]
− πp(θ̂1) ·

[
S(x1, y2)− S(x1, y1)

]︸ ︷︷ ︸
ZCI(θ̂1)

≥ 0

Since ZCI(θ̂1) > ZCI(θ1) = 0, then the inequality holds. Therefore, at least one of the
partial derivatives ofW at

(
λ1(x1), λ

2(x1)
)
is non-zero, meaning that

(
λ1(x1), λ

2(x1)
)
at

ZCI(θ1) = 0 is not an equilibrium. This finishes the proof.

B.2 Proof of Proposition 1

By assumption S(x, y) is increasing in y, thus ZCI(θ1) is increasing in θ1. Therefore,

items (i) to (iii) from the previous proof of Lemma 1 apply here.

B.3 Proof of Corollary 1

Notice that, ZCI(θ1) is increasing in θ1 reaching its minimum value at θ1 = 0, and when

θ1 = 0 it follows that πp(0) = 1 and θ2 = 1/1−f(x1). Therefore, from Proposition 1, we

can ensure PAM by imposing that the following inequality must hold:

πp
(
1/1−f(x1)

)
·
[
S(x2, y2)− S(x2, y1)

]
−
[
S(x1, y2)− S(x1, y1)

]
≥ 0

Notice, ZCI(θ1) reaches its maximum value at θ1 = 1/f(x1), and thus the condition for

NAM also simply follows.

B.4 Proof of Proposition 2

The designer solves the following problem:

max{(
λk(xi),τk(xi)

)2
i=1

}2

k=1

{ 2∑
i=1

πc
(
θi
) ∑2

k=1

[
u(xi, yk)− τk(xi)

]
λk(xi)g(yk)∑2

k=1 λ
k(xi) g(yk)

f(xi)
}

subject to [FC], [MT], and [PC]. We show that at the optimum, the participation con-

straints hold with equality. By contradiction, suppose that for some license k, the [PC]

holds with strict inequality:
∑2

i=1 τ
k(xi)λ

k(xi)π
p(θi) >

∑2
i=1 c(xi, yk)λ

k(xi)π
p(θi) Then,

the designer can decrease τ k(x1) and τ k(x2) by a small ε > 0 satisfying the constraint

while increasing the objective function. A contradiction. Therefore, the optimal trans-

fers can be pinned-down by the [PC] which hold with equality.
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C Appendix: Analysis of Private Information

First, it is useful to understand who has incentives to mimic whom under the first best

menu of licenses. Recall the incentive compatibility constraint [IC] for k ̸= k′ = 1, 2:∑2
i=1

[
τ k(xi)−c(xi, yk)

]
λk(xi)π

p(θi) ≥
∑2

i=1

[
τ k

′
(xi)−c(xi, yk)

]
λk′(xi)π

p(θi) and the par-

ticipation constraint [PC] for k = 1, 2:
∑2

i=1

[
τ k(xi)− c(xi, yk)

]
λk(xi)π

p(θi) ≥ 0.

In the complete information case, [PC]s holdswith equality. Now, plugging [PC](k)

and [PC](k′) into [IC](k) yields the following inequality:

0 ≥
[
c(x1, yk′)− c(x1, yk)

]
λk′(x1)π

p(θ1) +
[
c(x2, yk′)− c(x2, yk)

]
λk′(x2)π

p(θ2)

Since c(x, y) is decreasing in y, the inequality holds for k = 1 but not for k = 2. Thus,

under the first best, type-y2 parents have incentives to mimic type-y1 parents. Notice

the [IC] for high-ability and the [PC] for low-ability parents holdwith equality in equi-

librium (see Proof of Proposition 4). Thus, plugging objects from [PC1] into [IC2]:

τ 2(x1)λ
2(x1)π

p(θ1)+τ 2(x2)λ
2(x2)π

p(θ2) = c(x1, y2)λ
2(x1)π

p(θ1)+c(x2, y2)λ
2(x2)π

p(θ2)+[
c(x1, y1)− c(x1, y2)

]
λ1(x1)π

p(θ1) +
[
c(x2, y1)− c(x2, y2)

]
λ1(x2)π

p(θ2)

Now, replacing the restrictions into the objective function, the designer solves:

max
{λk(x1),λk(x2)}2k=1


2∑

i=1

πp
(
θi
) [ 2∑

k=1

(
u(xi, yk)− c(xi, yk)︸ ︷︷ ︸

S(x,y)

)
λk(xi) g(yk)

]

−
[
c(x1, y1)− c(x1, y2)

]
λ1(x1)π

p(θ1)g(y2)−
[
c(x2, y1)− c(x2, y2)

]
λ1(x2)π

p(θ2)g(y2)
}

subject to [FC], [MT], and some additional constraints [AC] where
c(x2, y2)− c(x2, y1)

c(x1, y2)− c(x1, y1)
≥ 1

πp (1/f(x2))
if λ2(x2) > λ1(x2) and c(x1, y2)− c(x1, y1)

c(x2, y2)− c(x2, y1)
≥ 1

πp (1/f(x1))
if λ2(x2) < λ1(x2) (C.1)

This additional constraint [AC] ensures that the [IC] for low-ability parents is satisfied

when the [IC] for high ability parents holds (see Proof of Proposition 4). Since the

objective function is independent of the transfers after incorporating the participation

constraints, the following is immediate:

Corollary C.1. With private information, the randomization device
{
λk(x1), λ

k(x2)
}2

k=1
is

independent of whether interim or ex-post participation constraints are implemented.
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C.1 Proof of Lemma 1 under Private Information

We can establish Lemma 1 for the private information case.

Lemma C.1. In the private information setting, for at least one of the licenses, the optimal

randomization rule yields a corner solution.

For each (x, k), let λk(x1) ∈ (0, 1) be an arbitrary-feasible interior probability that

generates a total welfare equal to:

Ŵ
(
λ1(x1), λ

2(x1)
)
= πp(θ1) ·

[
g(y1) λ

1(x1) S(x1, y1) +
(
1− g(y1)

)
λ2(x1) S(x1, y2)

]
+ πp(θ2) ·

[
g(y1)

(
1− λ1(x1)

)
S(x2, y1) +

(
1− g(y1)

) (
1− λ2(x1)

)
S(x2, y2)

]
−
[
c(x1, y1)−c(x1, y2)

]
λ1(x1)π

p(θ1)g(y2)−
[
c(x2, y1)−c(x2, y2)

](
1−λ1(x1)

)
πp(θ2)g(y2)

where θ1 =
g(y1) λ1(x1)+

(
1−g(y1)

)
λ2(x1)

f(x1)
, and θ2 =

g(y1)
(
1−λ1(x1)

)
+
(
1−g(y1)

)(
1−λ2(x1)

)
1−f(x1)

. As in

the complete information, we tremble λ1(x1) by ε1 and λ2(x1) by ε2 such that ε2 ≡

−ε1g(y1)/1−g(y1) ensuring that the market tightness in each submarket remains constant.

The new total welfare is:

Ŵ
(
λ1(x1)+ε1, λ

2(x1)+ε2
)
= πp(θ1)·

[
g(y1) λ

1(x1)S(x1, y1)+
(
1−g(y1)

)
λ2(x1)S(x1, y2)

]
+ πp(θ2) ·

[
g(y1)

(
1− λ1(x1)

)
S(x2, y1) +

(
1− g(y1)

) (
1− λ2(x1)

)
S(x2, y2)

]
−
[
c(x1, y1)− c(x1, y2)

]
λ1(x1)π

p(θ1)g(y2)−
[
c(x2, y1)− c(x2, y2)

](
1− λ1(x1)

)
πp(θ2)g(y2)

+ ε1g(y1)

{
πp(θ2)

[
S(x2, y2)− S(x2, y1) +

g(y2)

g(y1)

(
c(x2, y1)− c(x2, y2)

)]
− πp(θ1)

[
S(x1, y2)− S(x1, y1) +

g(y2)

g(y1)

(
c(x1, y1)− c(x1, y2)

)]}

Thus, the change in welfare is equal to:

∆Ŵ = ε1g(y1)

{
πp(θ2)

[
S(x2, y2)− S(x2, y1) +

g(y2)

g(y1)

(
c(x2, y1)− c(x2, y2)

)]
−πp(θ1)

[
S(x1, y2)− S(x1, y1) +

g(y2)

g(y1)

(
c(x1, y1)− c(x1, y2)

)]
︸ ︷︷ ︸

ZPI(θ1)

}

where θ1 and θ2 are defined as above. Note that ZPI(θ1) is strictly increasing in θ1.

Therefore, ZPI(θmax
1 ) ≥ ZPI(θ1) ≥ ZPI(0) for any θ1 ∈ [0, θmax

1 ] where θmax
1 = 1/f(x1).
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Now, we analyze three cases:

1. Suppose ZPI(θ1) > 0. Then, pick ε1 > 0 with ε2 ≡ −ε1g(y1)/1−g(y1) such that either

λ̂1(x1) ≡ λ1(x1) + ε1 = 1 or λ̂2(x1) ≡ λ2(x1) + ε2 = 0. In the former case, λ̂1(x2) = 0 and

λ̂2(x2) ∈ (0, 1); and in the latter case, λ̂1(x2) ∈ (0, 1) and λ̂2(x2) = 1. In both cases, the

definition of PAM is satisfied.

2. Suppose ZPI(θ1) < 0. Then, pick ε1 < 0 with ε2 ≡ −ε1g(y1)/1−g(y1) such that either

λ̂1(x1) ≡ λ1(x1) + ε1 = 0 or λ̂2(x1) ≡ λ2(x1) + ε2 = 1. In the former case, λ̂1(x2) = 1 and

λ̂2(x2) ∈ (0, 1); and in the latter case, λ̂1(x2) ∈ (0, 1) and λ̂2(x2) = 0. In both cases, the

definition of NAM is satisfied.
3. Suppose ZPI(θ) = 0. We show that an interior randomization device can not be an
equilibrium. To see this, first tremble λ1(x1) by ε1, and calculate welfare:

Ŵ
(
λ1(x1) + ε1, λ

2(x1)
)
= πp(θ̂1) ·

[
g(y1) λ

1(x1) S(x1, y1) +
(
1− g(y1)

)
λ2(x1) S(x1, y2)

]
+ πp(θ̂2) ·

[
g(y1)

(
1− λ1(x1)

)
S(x2, y1) +

(
1− g(y1)

) (
1− λ2(x1)

)
S(x2, y2)

]
−
[
c(x1, y1)− c(x1, y2)

]
λ1(x1)π

p(θ̂1)g(y2)−
[
c(x2, y1)− c(x2, y2)

](
1− λ1(x1)

)
πp(θ̂2)g(y2)

+ ε1g(y1)
[
πp(θ̂1) S(x1, y1)− πp(θ̂2) S(x2, y1)

]
+ ε1g(y2)

{
πp(θ̂2)

[
c(x2, y1)− c(x2, y2)

]
− πp(θ̂1)

[
c(x1, y1)− c(x1, y2)

]}

where θ̂1 = θ1+ ε1g(y1)/f(x1), θ̂2 = θ2− ε1g(y1)/1−f(x1), and θ1, θ2 are defined as above. Now,
let’s tremble λ2(x1) by ε2, and calculate welfare:

Ŵ (λ2(x1), λ
2(x1) + ε2) = πp(θ̃1) ·

[
g(y1) λ

1(x1) S(x1, y1) +
(
1− g(y1)

)
λ2(x1) S(x1, y2)

]
+ πp(θ̃2) ·

[
g(y1)

(
1− λ1(x1)

)
S(x2, y1) +

(
1− g(y1)

) (
1− λ2(x1)

)
S(x2, y2)

]
−
[
c(x1, y1)− c(x1, y2)

]
λ1(x1)π

p(θ̃1)g(y2)−
[
c(x2, y1)− c(x2, y2)

](
1− λ1(x1)

)
πp(θ̃2)g(y2)

+ ε2
(
1− g(y1)

)[
πp(θ̃1) S(x1, y2)− πp(θ̃2) S(x2, y2)

]
where θ̃1 = θ1 + ε2(1−g(y1))/f(x1), θ̃2 = θ2 − ε2(1−g(y1))/1−f(x1), and θ1, θ2 are defined above.

For any small ε1 with ε2 ≡ ε1g(y1)/1−g(y1), it follows that θ̂1 = θ̃1 and θ̂2 = θ̃2. Pick such

ε2. Then, increasing λ1(x1) is marginally more profitable than increasing λ2(x1) if and

only if
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πp(θ2)
[
S(x2, y2)− S(x2, y1) +

g(y2)

g(y1)

(
c(x2, y1)− c(x2, y2)

)]
−πp(θ1)

[
S(x1, y2)− S(x1, y1) +

g(y2)

g(y1)

(
c(x1, y1)− c(x1, y2)

)]
︸ ︷︷ ︸

ZPI(θ1)

≥ 0

Since ZPI(θ̂1) > ZPI(θ1) = 0, then the inequality holds.35 Therefore, at least one of the

partial derivatives ofW at
(
λ1(x1), λ

2(x1)
)
is non-zero, meaning that

(
λ1(x1), λ

2(x1)
)
at

ZPI(θ1) = 0 is not an equilibrium. This finishes the proof.

C.2 Proof of Proposition 1 under Private Information

We can establish Proposition 1 for the private information case. Let θ̂1 be such that

ZPI(θ̂1) = 0, then the following result holds:

PropositionC.1. In the private information setting, let θ∗∗1 be the equilibriummarket tightness.

(i) If θ∗∗1 > θ̂1 then the equilibrium sorting exhibits PAM. (ii) If θ∗∗1 < θ̂1 then the equilibrium

sorting exhibits NAM. (iii) θ∗∗1 = θ̂1 is never optimal.

Recall S(x, y) is increasing in y, so is ZPI(θ1) simply implying Proposition C.1.

C.3 Proof of Corollary 2

ZPI(θ1) is increasing in θ1 reaching its minimum value at θ1 = 0, and when θ1 = 0

it follows that πp(0) = 1 and θ2 = 1/1−f(x1). Therefore, from Proposition C.1, we can

ensure PAM by imposing that the following inequality must hold:

πp (1/f(x2))
[
S(x2, y2)− S(x2, y1) + g(y2)/g(y1)

(
c(x2, y1)− c(x2, y2)

)]
−

[
S(x1, y2)− S(x1, y1) + g(y2)/g(y1)

(
c(x1, y1)− c(x1, y2)

)]
≥ 0

Now, ZPI(θ1) reaches its maximum value at θ1 = 1/f(x1).Therefore, from Proposition

C.1, we can ensure NAM by imposing that the following inequality must hold:[
S(x2, y2)− S(x2, y1) + g(y2)/g(y1)

(
c(x2, y1)− c(x2, y2)

)]
− πp (1/f(x1))

[
S(x1, y2)− S(x1, y1) + g(y2)/g(y1)

(
c(x1, y1)− c(x1, y2)

)]
≤ 0

35It is easy to verify the equivalence between the expression here and Equation (4)
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C.4 Proof of Proposition 4

The designer solves the following problem:

max{(
λk(xi),τk(xi)

)2
i=1

}2

k=1

{
2∑

i=1

πc
(
θi
) ∑2

k=1

[
u(xi, yk)− τk(xi)

]
λk(xi)g(yk)∑2

k=1 λ
k(xi) g(yk)

f(xi)

}

subject to [FC], [MT],[PC], and [IC].Wewill analyze the constraints in thismaximiza-

tion problem. First, consider the [IC]s for low- and high-ability parents, respectively:
2∑

i=1

c(xi, y1)
[
λ2(xi)− λ1(xi)

]
πp(θi) ≥

2∑
i=1

[
τ 2(xi) λ

2(xi)− τ 1(xi) λ
1(xi)

]
πp(θi)

2∑
i=1

[
τ 2(xi) λ

2(xi)− τ 1(xi) λ
1(xi)

]
πp(θi) ≥

2∑
i=1

c(xi, y2)
[
λ2(xi)− λ1(xi)

]
πp(θi)

From these inequalities, we get the following expression, andwe continue rearranging:
2∑

i=1

c(xi, y1)
[
λ2(xi)− λ1(xi)

]
πp(θi) ≥

2∑
i=1

c(xi, y2)
[
λ2(xi)− λ1(xi)

]
πp(θi)

⇒ c(x1, y1)
[
λ2(x1)− λ1(x1)

]
πp(θ1) + c(x2, y1)

[
λ2(x2)− λ1(x2)

]
πp(θ2) ≥

c(x1, y2)
[
λ2(x1)− λ1(x1)

]
πp(θ1) + c(x2, y2)

[
λ2(x2)− λ1(x2)

]
πp(θ2)

⇒
[
c(x2, y1)− c(x2, y2)

]
·
[
λ2(x2)− λ1(x2)

]
πp(θ2) ≥[

c(x1, y2)− c(x1, y1)
]
·
[
λ2(x1)− λ1(x1)

]
πp(θ1)

Note that λ2(x1)−λ1(x1) = 1−λ2(x2)− [1−λ1(x2)] = λ1(x2)−λ2(x2), hence replacing
in the previous inequality yields:[

c(x2, y1)− c(x2, y2)
]
·
[
λ2(x2)− λ1(x2)

]
πp(θ2) ≥[

c(x1, y1)− c(x1, y2)
]
·
[
λ2(x2)− λ1(x2)

]
πp(θ1) (C.2)

This inequality depends on the sign of the term [λ2(x2) − λ1(x2)], which defines PAM
and NAM. Hence, consider the following cases:
Case 1. Suppose λ2(x2)−λ1(x2) is positive. Then, Equation C.2 reduces to:

[
c(x2, y1)−

c(x2, y2)
]
·πp(θ2) ≥

[
c(x1, y1)−c(x1, y2)

]
·πp(θ1)which is satisfied if the following holds:

c(x2, y2)− c(x2, y1)

c(x1, y2)− c(x1, y1)
≥ 1

πp (1/f(x2))
(C.3)

Case 2. Suppose λ2(x2)−λ1(x2) is negative. Then, Equation C.2 reduces to:
[
c(x1, y1)−

c(x1, y2)
]
·πp(θ1) ≥

[
c(x2, y1)−c(x2, y2)

]
·πp(θ2)which is satisfied if the following holds:
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c(x1, y2)− c(x1, y1)

c(x2, y2)− c(x2, y1)
≥ 1

πp (1/f(x1))
(C.4)

Now, we show that the [PC] for low-ability parents, and the [IC] for high-ability par-
ents imply the [PC] for high-ability parents:

2∑
i=1

[
τ2(xi)− c(xi, y2)

]
λ2(xi)π

p(θi) ≥
2∑

i=1

[
τ1(xi)− c(xi, y2)

]
λ1(xi)π

p(θi)

≥
2∑

i=1

[
τ1(xi)− c(xi, y1)

]
λ1(xi)π

p(θi) ≥ 0

Thus, we can ignore the [PC] for high-ability parents. Next, suppose that the [IC] for
high-ability parents holds with strict inequality:

2∑
i=1

[
τ2(xi)− c(xi, y2)

]
λ2(xi)π

p(θi) >
2∑

i=1

[
τ1(xi)− c(xi, y2)

]
λ1(xi)π

p(θi)

Then, the designer can decrease τ 2(x1) and τ 2(x2) by a small ε > 0 satisfying the

constraint while increasing the objective function. A contradiction. Therefore, the [IC]

for high-ability parents holds with equality at the optimum.

Similarly, suppose that the [PC] for low-ability parents holds with strict inequality:∑2
i=1

[
τ1(xi) − c(xi, y1)

]
λ1(xi)π

p(θi) > 0. Then, the designer can decrease τ 1(x1) and

τ 1(x2) by a small ε > 0 satisfying the constraint while increasing the objective function.

A contradiction. Therefore, the [PC] for low-ability parents holds with equality at the

optimum.

Lastly, we show that the [IC] for high-ability parents combinedwith Equations C.3 and

C.4 imply the [IC] for low-ability parents. Recall the [IC] for high-ability parents:
2∑

i=1

[
τ 2(xi)− c(xi, y2)

]
λ2(xi)π

p(θi) =
2∑

i=1

[
τ 1(xi)− c(xi, y2)

]
λ1(xi)π

p(θi)

⇒
2∑

i=1

[
τ 2(xi)λ

2(xi)− τ 1(xi)λ
1(xi)

]
πp(θi) =

2∑
i=1

c(xi, y2)
[
λ2(xi)− λ1(xi)

]
πp(θi)

The right-hand side of the previous equation can be written as:

c(x1, y2)
[
λ2(x1)− λ1(x1)

]
πp(θ1) + c(x2, y2)

[
λ2(x2)− λ1(x2)

]
πp(θ2)

⇒ c(x2, y2)
[
λ2(x2)− λ1(x2)

]
πp(θ2)− c(x1, y2)

[
λ2(x2)− λ1(x2)

]
πp(θ1)

⇒
[
c(x2, y2)π

p(θ2)− c(x1, y2)π
p(θ1)

]
·
[
λ2(x2)− λ1(x2)

]
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Thus, the [IC] for high-ability parents can be written as:
2∑

i=1

[
τ2(xi)λ

2(xi)− τ1(xi)λ
1(xi)

]
πp(θi) =

[
c(x2, y2)π

p(θ2)− c(x1, y2)π
p(θ1)

]
·
[
λ2(x2)− λ1(x2)

]
Notice there are twopossibilities: Either (i)λ2(x2) > λ1(x2), inwhich case EquationC.3

ensures, after some algebra, that the [IC] for low-ability parents hold; or (ii) λ2(x2) <

λ1(x2), in which case Equation C.4 ensures, after some algebra, that the [IC] for low-

ability parents hold. Therefore, we can drop the [IC] for low-ability parents.

D Appendix: Continuous Type of Parents
First, let’s rewrite the constraints the designer faces when solving Equation 6:

[FC] τ(x, y) ≥ 0 and λ(x, y) ≥ 0 for all (x, y), and
2∑

i=1

λ(xi, y) = 1 for all y ∈ Y.

[MT] θi =
1

f(x)
·

y∫
y

λ(x, y)g(y) dy , for all i ∈ {1, 2}

[PC]
2∑

i=1

[
τ(xi, y)− c(xi, y)

]
λ(xi, y)π

p(θi) ≥ 0 , for all y ∈ Y.

D.1 Proof of Lemma 2

Let λ(x, y) be an arbitrary interior allocation for any y, that is, λ(x1, y) ∈ (0, 1), and

thus λ(x2, y) = 1 − λ(x1, y) ∈ (0, 1) for any y by [FC]. Define a perturbation function

ε : Y → (0, 1) such that
∫

y∈Y
ε(y)g(y)dy = 0.

Consider the allocationsλ(y) ≡
(
λ(x1, y), λ(x2, y)

)
and λ̃(y) ≡

(
λ(x1, y)−ε(y), λ(x2, y)+

ε(y)
)
. Notice, the market tightness derived by allocations λ(y) and λ̃(y) is the same:

θi = 1
f(xi)

·
∫

y∈Y
λ(xi, y)g(y)dy for i = 1, 2. The change in welfare between these two

allocations is:

W (λ̃)−W (λ) ≡ ∆W =

y∫
y

[
πp(θ2)S(x2, y)− πp(θ1)S(x1, y)

]︸ ︷︷ ︸
ẐCI(y|θ)

ε(y)g(y)dy,

where θ = (θ1, θ2). Note that ẐCI(y|θ) is continuous but not necessarily monotone,

provided that S(x, y) is continuous in y for all x.
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Now, let Figure D.1 be an arbitrary representation of ẐCI(y|θ), and consider ε(y)

defined as follows:

∫
y∈[y,y1]

ε(y)g(y)dy = 0,

∫
y∈[y1,y2]

ε(y)g(y)dy = 0, and
∫

y∈[y2,y]

ε(y)g(y)dy = 0

and more importantly, ∂ε(y)/∂y > 0 for y ∈ Y \ [y1, y2] and ∂ε(y)/∂y < 0 for y ∈ [y1, y2].36

Thus, the change in welfare is:

∫
y∈[y,y1]

ẐCI(y|θ)ε(y)g(y)dy +

∫
y∈[y1,y2]

ẐCI(y|θ)ε(y)g(y)dy +

∫
y∈[y2,y]

ẐCI(y|θ)ε(y)g(y)dy.

y y1 y2 y

ẐCI(y | θ)

Figure D.1: Change in Welfare - Extension

Since ẐCI(y|θ) is monotonically increasing over the interval [y, y1] choosing ε(y) to

be monotonic increasing ensures that the first term above is positive. Similarly, each

term can be shown to be positive, which collectively guarantees a welfare improve-

ment over the interior allocation λ(x, y).37 The analysis holds for any interior allocation

λ(x, y) ∈ (0, 1) over any arbitrary subset Y ′ ⊆ Y .

Lemma 2 implies the following: “Given an equilibrium market tightness (θ∗1, θ
∗
2),

the optimal allocation is always on the corner, that is, λ(x1, y) ∈ {0, 1}”. Specifically,

the following yields the optimal allocation:

36Please refer to y1 and y2 defined in Figure D.1, here and henceforth.
37Notice, one can always find a such an ε(y) through a very small perturbation around interior λ(x, y).
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0

1

λ∗(x2, y)

y z1 y1 z2 y2 y

Figure D.2: Optimal allocation rule λ∗(x2, y).

Corollary D.1. Let θ∗ ≡ (θ∗1, θ
∗
2) be the equilibrium market tightness. Suppose ẐCI(y|θ∗) is

as in Figure D.1. Then the optimal allocation λ∗(x, y) is as follows: λ∗(x1, y) = 1− λ∗(x2, y)

and:

λ∗(x2, y) =

 0 y ∈ [y, z1] ∪ [z2, z3]

1 y ∈ [z1, z2] ∪ [z3, y]

for some z1, z2, z3 such that y < z1 < y1 < z2 < y2 < z3 < y as in Figure D.2.

Proof. By Lemma 2, a monotone increasing perturbation of λ(y) over the interval [y, y1]

such that
∫

y∈[y,y1]
ε(y)g(y)dy = 0 guarantees that

∫
y∈[y,y1]

ẐCI(y|θ)ε(y)g(y)dy > 0. Since

ε(y) monotone increases and sums up to 0, there exists z ∈ (y, y1) such that ε(y) ≤ 0 if

and only if y ≤ z. This implies λ(x1, y) ≤ λ̃(x1, y) if and only if y ≤ z. Thus, moving

towards PAM only in the interval [y, y1] increases the welfare. Therefore, one can keep

increasing the welfare only over the region [y, y1] by trembling as much as possible,

which proves that there exists z1 ∈ (y, y1) such that λ∗(x1, y) = 1 for y ∈ [y, z1], and

λ∗(x1, y) = 0 for y ∈ [z1, y1]. Analogously, the optimal allocation for other regions

follows. □

D.2 Proof of Proposition 5

Notice that, if πp(θ∗)S(x, y) is super-modular given equilibrium θ∗ = (θ∗1, θ
∗
2), then

ẐCI(y|θ∗) is increasing everywhere. Thus, Corollary D.1 implies that the optimal al-

location is such that λ(x1, y) = 1 for y ≤ ŷPAM for some ŷPAM ∈ (y, y), and λ(x1, y) = 0

otherwise. Moreover, given θ∗1 is the equilibrium market tightness in submarket x1,

ŷPAM is such that θ∗1 = G(ŷPAM )/1−f(x2). The second part of the Proposition 5 analogously
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follows.

D.3 Proof of Corollary 4

Recall ẐCI(y|θ) = πp(θ2)S(x2, y) − πp(θ1)S(x1, y). One can easily see that ẐCI(y|θ) in-

creases in θ1. Taking derivative of ẐCI(y|θ)with respect to y yields the following:

∂ẐCI(y|θ)
∂y

≡ ẐCI
y (y|θ) = πp(θ2)Sy(x2, y)− πp(θ1)Sy(x1, y).

Since Sy(y|θ) > 0, it follows that ẐCI
y (y|θ) also increases in θ1, and thus assigns its

minimum value at θ1 = 0 and θ2 = 1/f(x2). That is, ẐCI
y (y|θ1 = 0, θ2 = 1/f(x2)) ≤ ẐCI

y (y|θ)

for any θ and any y.

Let ỳ := argmin
y∈Y

Sy(x1, y)−πp
(
1/1−f(x1)

)
Sy(x2, y), that is, ỳ is the argument at which

ẐCI
y (y|θ1 = 0, θ2 = 1/f(x2)) assigns its minimum value. Now, notice the following:

πp
(
1/f(x2)

)
Sy(x2, ỳ)−Sy(x1, ỳ) ≥ 0 implies that ẐCI

y (y|θ) ≥ 0 for any θ and any y ∈ [y, y].

As a result, πp(θ∗)S(x, y) is super-modular at equilibrium θ∗, and the optimal sorting

exhibits PAM by Proposition 5??. Therefore, the planner simply optimizes the welfare

by solving the following problem:

max
ŷ∈Y

πp
(G(ŷ)

f(x1)

) ŷ∫
y

S(x1, y)g(y)dy + πp
( 1−G(ŷ)

1− f(x1)

) y∫
ŷ

S(x2, y)g(y)dy,

which finishes the proof of Corollary 4 (i). The proof of (ii) follows analogously.

E Improvement in the Meeting Technology

Recall the sorting condition under complete information for a given technology πp:

ZCI(θ1|πp) = πp(θ2)
[
S(x2, y2)− S(x2, y1)

]︸ ︷︷ ︸
∆S2

−πp(θ1)
[
S(x1, y2)− S(x1, y1)

]︸ ︷︷ ︸
∆S1

.

If the equilibrium sorting is PAM, then the equilibrium θ∗1 is such that ZCI(θ∗1|πp) >

ZCI(θ1|πp) = 0 and θ∗1 > θ1. Note that
(
πp(θ1)/πp(θ2)

)
=

(
∆S2/∆S1

)
.
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E.1 Proof of Proposition 6

Take an arbitrary π̂p ∈ Πp such that π̂p ▷ πp. Notice ZCI(θ1|π̂p) = 0 if and only if(
π̂p(θ1)/π̂p(θ2)

)
=

(
∆S2/∆S1

)
=

(
πp(θ1)/πp(θ2)

)
. It is easy to verify that:

π̂p(θ1)

π̂p(θ2)
≤ πp(θ1)

πp(θ2)
if and only if θ1 ≤ 1,

which holds with equality if θ1 = θ2 = 1. In short, given any market tightness θ1 and

θ2 ≡
(
1−f(x1)θ1

)
/
(
1−f(x1)

)
, the ratio of meeting probabilities in submarkets x1 and x2,

gets flatter as the technology improves (as can be seen in Figure E.1). Thus, a super-

modular S(x, y) implies θ1 < θ1 < θ∗1.

Figure E.1: Monotone Comparative Statics for the Meeting Technology

Recall that the meeting technology gets flatter everywhere at an improved technol-

ogy, that is, let ∂πp(θ)/∂θ ≤ ∂π̂p(θ)/∂θ for any θ ∈ [0,min{1/f(x1), 1/1−f(x1)}] given f(x1). We

also know that ∂W(λ1(x1),λ2(x1))/∂λk(xi) is monotonically decreasing for any i = 1, 2 and

any k = 1, 2 (see Lemma B.1 in the online supplement). Given πp, let θ∗i = min{θ∗1, θ∗2}

and thus θ∗i ≤ 1 ≤ θ∗j . Therefore,

∂W (λ1(x1), λ
2(x1))

∂λk(xi)
|θi=θ∗i

= 0 ≥ ∂W (λ1(x1), λ
2(x1))

∂λk(xi)
|θi=1

for some k = 1, 2.38 The inequality becomes strict unless min{θ∗1, θ∗2} = max{θ∗1, θ∗2}.

Suppose that is the case from now on.

Thus, at equal market tightness where the parents-to-children ratio is equal to 1

in both market, the designer would like to allocate some of type-k parents into sub-
38For a supermodular S(x, y), consider the corner (λ1(x1), λ

2(x1)) that exhibits PAMand θ1 = 1 = θ2;
that is, either λ1(x1) = 1 and λ2(x1) ∈ [0, 1), or λ1(x1) ∈ (0, 1) and λ2(x1) = 0. Consider analogous λ’s
for submodular S(xi, yj).
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market xj because ∂W (λ)/∂λk(xi)|θi=1 < 0. Doing so will have two effects: congestion and

decongestion effects, which link to the probability ofmeeting given the technology, and

the surplus effect. Notice the surplus effect is linear, whereas the meeting technology

is convex. Hence, decreasing λk(xi) at θi = 1 increases the probability of meeting in

submarket-xi and decreases in submarket-xj at different and non-constant rates.

Now, for an improved technology π̂p defined above, the congestion and deconges-

tion effects become less pronounced, leading to less divergence from the equal market

tightness θi = 1 = θj . Let θ∗∗i be the equilibrium market tightness with π̂p. Therefore,

|1− θ∗∗i | < |1− θ∗i |, which simply implies θ1 < θ∗∗1 . The proof follows analogously for a

submodular S(x, y) and NAM.
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